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Abstract 

o 

p^ ' In this paper we consider standard first-passage percolation on certain 1-dimensional 

periodic graphs. One such graph of particular interest is the Z x {0, 1, . . . ,K — l}'^"^ nearest 
neighbour graph for d,K > 1. Let T{u,v) denote the time it takes for an infection started 
at u to reach v, and let N{u, v) denote the length of the geodesic (path with minimal 

^N . passage time) from u to i;. We derive asymptotic results that show how the behaviour of 

first-passage percolation on 1-dimensional graphs differ from what is known or expected 
in higher dimensions. Let n = (n, 0,...,0). By subadditivity T(0, n)/r7, -^ ji for some 

P^ \ ^ > as n — >■ oo, almost surely and in L^. We show that for some cr > 0, as n —>■ 

P^ ■ oo, (T(0, n) — ^n^/cTy/n converges in distribution to a standard normal, and moreover, 

fH \ that limsup„^Q^ (T(0,n) — ^n) ja^ln log log n = 1, almost surely. We further prove that 

E [r(0,n)] and Var (T(0,n)) are monotonic in n, for large enough n. Results for A^(0,n) 
corresponding to the results mentioned for r(0,n) are also derived. 

We also allow different sets of initially infected vertices, and construct an exact coupling 
of two infections with different starting configurations. Using this coupling wc prove a 0-1 
law. 
> 

^ ■ 1 Introduction 

(N 



cd 



First-passage percolation was first considered by iHammerslev and Welsh! ( 19651 ). It can be 



(^ ' thought of as a model for the spread of an infection on a connected graph with set of vertices 

V and set of edges E. Associate to the edges of the graph non-negative i.i.d. random variables 
{TejeeE, referred to as passage times. We will denote the passage time distribution by Pr( • ) ■= 
P{Te S • )• To avoid trivialities, we assume throughout this paper that Pr does not concentrate 

^ ■ all mass at a single point. With the present interpretation of the model, the passage time of an 

H \ edge should be thought of as the random time it takes for an infection to spread along the edge. 

Consider the process where we start with a finite set / C V of infected vertices. As time starts, 
the infection spreads to adjacent vertices with delays indicated by the passage times. 

Let us by a path refer to an alternating sequence of vertices and edges; vq, ei, ui, . . . , em, "Vm, 
beginning and ending with a vertex, such that Vk is the endpoint of the edges e^ and et+i that 
precedes and follows v^- The vertices vq and Vm are referred to as endpoints of the path. A 
path with one endpoint in U and the other in V, where U,V <Z Y , will be referred to as a 
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path from U to V. We will repeatedly abuse notation and identify a path with its set of edges, 
and occasionally with its set of vertices. For a path F, we define the passage time of F as 
'^(^) •= Seer ''"e; ^^^ define the passage time, or first-passage time, between two sets of vertices 
[/, y C V as 

T{U, V) := inf{r(F) : F is a path from U to V}. 

We are often interested in the case when U = {u} oi V = {v}. We will in such case simply write 
T{u,v) for T{{u}, {v}). The main features of first-passage percolation are retained in 

T{v):=T{I,v) 

interpreted as the time it takes for the infection started in / to reach the vertex v, and 

Bt:={v€Y: T{v) < t}, 

the set of infected vertices at time t. 

A typical choice for the underlying graph is the usual Z lattice, whose vertices are the 
elements of U^, and where two vertices are connected with an edge if their Euclidean distance is 
one. In this paper, though, we will consider first-passage percolation on 1-dimensional graphs. 
However, we begin with a presentation of some of the results for first-passage percolation on the 
Z'^ lattice. Thereafter, the motivation for considering 1-dimensional graphs, as well as our results 
themselves, will be better understood. A more detailed survey of first-passage percolation can 



be found in iHowardI ()2004l ). 

It is customary to consider first-passage percolation with a single initially infected vertex at 
the origin. However, we have reasons to be interested in different initial configurations of the 
infection. The results we are about to review regarding the Z lattice hold for any finite initially 
infected set. 



A challenging task, already considered bv iHammerslev and WelshI ( 19651 ). is to describe the 



behaviour of T[v) when \v\ is large. It follows from its definition that T{u, v) is subadditive, i.e., 

T{u, v) < T{u, w) + T{w, v) 

for any vertices u, v and w vnU^. Let 

y = min(ri,...,T2d), (1.1) 

where ti, . . . ,T2d are independent and distributed according to Pr- Thus, if E[y] < oo, King- 
man's Subadditive ergodic theorem says that there is a constant /^(ei), referred to as the tim,e 
constant, such that 

rp f \ 

lim = /i(ei), almost surely and in L , (1-2) 

n— >-oo n 

where ei = (1,0, .. . ,0), and n = nei. The same holds in every direction. Let x G M be such 
that |x| = 1. If \nx\ denotes the coordinate-wise integer part of nx, then there is a /x(a;) such 
that 

lim = /i(a;), almost surely and in L . 



In fact, one can say more about this asymptotic growth. If we consider Bt, we can state results 
about the growth in ah directions simultaneously. A first such result was due to iRichardson 
( 19731 ). For convenience, we replace Bt by the subset of M defined as 



Bt:={xeR'^:xev + [0, 1]"' for some v E Bt}, 



:i.3) 



The following version of Richardson's result is due to ICox and DurrettI (jl98ll ). and states that 
the set of infected vertices grows linearly with t and has a nonrandom asymptotic shape. 

Theorem 1.1 (Shape theorem). Consider first-passage percolation on U^ with i.i.d. passage 
times such that 



E 



y« 



< OO, 



:i.4) 



forY defined as in il.l]} . If fj,{ei) > 0, then there exists a nonrandom, compact, convex subset 
B* in M'^ with nonempty interior such that for all e > 0, almost surely, 

(1 - e)B* C -Bt C (1 + e)B*, for t large enough. 

/f /u(ei) = 0, then for every compact set K in M , almost surely. 



K C -Bt, for t large enough. 



In addition, it was shown bv iKestenI ( 19861 ) that 

^(ei) = if and only if Pr({0}) > Pc{d), 

where Pc{d) is the critical value for independent bond percolation on the 1/ lattice. An elemen- 
tary argument shows that E[r|] < oo is sufficient for ()1.4p to hold. 

As the Shape theorem establishes a law of large numbers for the sequence T[\nx\), it is 
natural to ask about the fluctuations of the same sequence. They have turned out to be harder 
to understand, and depend on the dimension d. For d = 1, T{n) reduces to a sum of i.i.d. 
random variables, from which it is immediate that 

Var (T(n)) = n Var(Te). 



KestenI ( 19931 ) showed that for any d > 1, if Pt-({0}) < pc and E[rg] < oo, then there are 
constants Ci > and C2 < oo such that 

Ci < Var (r(n)) < C2n, for all n > 1. 



More precise results have been few. Benjamini, Kalai and Schramm (J2003l ) gave an example 
which showed that for first-passage percolation on U^ for d > 2, with {a, 6}- valued passage times, 
where < a < 6 < 00, there is a constant C such that 



Var (T(n)) < C 



n 



logn 



for all n > 2. 



:i.5) 



This result was later extended bv lBenaim and Rossignoll ( 20061 . l2008l ) to include a wider class of 
passage time distributions. This is still far from what is believed to be the precise growth rate 
of Var (r(n)). For c? = 2 it is believed that Var (T( n)) is of the order n^'^, a nd it is not clear 
which behaviour to expect in higher di mensions fseelNewrnan and Pizal ( 19951 ): iBeniamini et al. 
( 20031 ) for short resumes). For d = 2 iNewman and Pizal ( 19951 ) have shown, given that the 



passage-time distribution does not have a too big point mass at inf{a; > : ^,-([0, x]) > 0}, that 
there is a constant C > such that 



;n. 



Var(T(n)) > Clogi 

for all n > 1. The same lower bound was found independently bv IPemantle and PeresI ( 19941 ). 
in the case of exponential passage times. 



Classical limit theorems on 1-dimensional graphs. In this paper we consider first-passage 
percolation on essentially 1-dimensional periodic graphs defined as follows. 

Definition 1.2. The class of essentially 1-dimensional periodic graphs consists of all con- 
nected graphs Q that can he constructed in the following manner. Let {Gn}nez b^ o. sequence 
of identical copies of some finite connected deterministic graph, each with set of vertices Yg„ = 
{vn,i, ■ ■ ■ ,Vn,K} CLnd sct of cdgcs Kg^ = {cn^i, ■ ■ ■ ,en,i}- Fix a nonempty set J C {{i,j) : 1 < 
hj < K}, o-nd connect Qn to Qn+i for each n by adding an edge e{vn,i,Vn+i,j) between Vn,i and 
Vn+i,j, for each {i,j) £ J. Let Q = (V, E) denote the resulting graph, where 



V: 



U Vg„ and E = IJ (Eg„ U {e{vn,^,Vn+lJ) : (i, j) G J}). 



nez 



ni^A 



We will write Wg^^ for Eg^ U {e{vn,i-,Vn+i,j) '■ {i,j) G J}, and say that a vertex v of Q is at level 
n if V eYg„. 

An essentially 1-dimensional graph of particular interest is the Zx{0,l,...,i<r— 1} nearest 
neighbour graph, i.e., the sub-graph of the Z,'^ lattice which has set of vertices Z x {0, 1, . . . ,K — 
1} for some d, K > 1, and where any two vertices are connected by an edge if their Euclidean 
distance is 1. We will refer to this graph as the {K,d)-tube (cf. Figure [TJ. We can think of 



Figure 1: A part of the (3, 2)-tube. 

the {K, (i)-tube as the essentially 1-dimensional periodic graph constructed from a sequence of 
graphs with vertex set Vg„ = {n} x {0, 1, . . . ,K — 1} and where any two vertices at Euclidean 
distance one are joined by an edge. With this construction, the vertices at level n are exactly 
the ones with first coordinate n. 

Because of the unspecified structure of the underlying graph, it is convenient to consider 



T{L,YgJ, 



:i.6) 



interpreted as the time until a vertex at level n is infected. To consider T„ is natural, but is in 
no way necessary for the results we obtain. In fact, we shall see that the asymptotic behaviour 
of the sequence {Tn}n>i is the same as that for the sequence {maxj,gvg„ T{v)^ ^ , and the 
sequence {T{vn)}n>i, where {vn}n>i is any sequence of vertices such that u„ is at level n. We 
will for that reason let {Tn}n>i denote any of the three sequences above, and state several of our 
results for T„. It will then be understood that the result holds for any of the three sequences. 

Our main results concerns first-passage percolation on any essentially 1-dimensional periodic 
graph 0, with passage-time distribution that does not concentrate all mass at a single point. 
We will prove that there are non-negative, finite constants fi = fJ,{G) and a = cr{0), such that 
the following holds. 

Theorem 1.3 (Law of large numbers). i/E[re] < oo, then 

lim — = fi, almost surely. (l-^) 

7/'E[rJ] < oo for some r > 1, then 

< (Tn/n) > is uniformly integrable, 

and the convergence of ( [j.7| j holds also in U . 

Theorem 1.4 (Central limit theorem). 7/E[Tg] < oo, then 

^ 7- Xi ^'^ distribution, 

as n ^ oo, where x has a standard normal distribution. 

Let C{{xn}n>i) denote the set of limit points of a real-valued sequence {xn}n>i- 
Theorem 1.5 (Law of the iterated logarithm). //'E[rg] < oo, then 

^ ' ^1,1], almost surely. 



aJ2n log log n ( 

/ 71>3 



In particular, almost surely, 

hmsup — = 1, and limmi — = —1. 

n->oo crv2raloglogn n-s>oo (Tv2nloglogn 

Note that the almost sure and L^-convergence in Theorem 11.31 actually follows from King- 
man's Subadditive ergodic theorem. However, it is for the understanding of our approach in- 
structive to state and reprove it, as we do. As a consequence of the regenerative structure 
explored in Section [21 /i and a will be given by explicit formulas. For this reason, it will become 
clear that // and a are non-negative, finite, and depend on the underlying graph Q and the pas- 
sage time distribution, but do not depend on the set of initially infected vertices I, nor on which 



of the three sequences considered that {T„}„>i may represent. We wih see (in Proposition 15. 7p 
that /i and fxvaries continuously with respect to Pr. We preferred at this stage to give simple 
moment conditions in Theorems 11.31 11.41 and 11.51 But we will later point out that they may in 
fact be relaxed somewhat (cf. Remark 13. 4p . 

At a comparison with the asymptotic results in higher dimensions, Theorem 11.31 is the 1- 
dimensional analogue to the Shape theorem. Theorems 11.41 and 11.51 on the other hand, point 
out a 1-dimensional behaviour that is not expected in higher dimensions. In particular, Var(r„) 
grows l inearly in n, in contrast to the higher dimensional sub-diffusive behavio ur in (11.51). pointed 
out bylBeniamini et al.l ( 20031 ). However, we should also mention a result bv lKesten and Zhand 
(|l997l ) when d = 2 and Pr({0}) = Pc(2) = 1/2. They have showed that r(n)-E[r(n)] converges 
to a standard normal distribution, when scaled appropriately. This case is considered critical, 
and the scaling factor is known to grow of order logn. 

The classical Central limit theorem for i.i.d. sequences extends to a functional central limit 
theorem, known as Donsker's theorem. In contrast to the classical Central limit theorem that 
treats weak convergence of real-valued random variables, Donsker's theorem treats weak conver- 
gence of real- valued random functions. Theorem 11.41 also extends to a functional version, with 
the same limiting distribution as the regular Donsker theorem, i.e., Wiener measure. For the 
precise statement and a proof, see Theorem 13.61 



W e should at this point mention a related, but independent, work by IChatteriee and Dev 
( 20091 ). They consider first-passage percolation on nearest neighbour graphs of the form Z x 
{—K, . . . ,K}'^~^. In our terminology, this is precisely the {2K + l,d)-tuhe. Introduce the 
notation an{K) for the passage time T(0,n) between the origin and n on that graph. Their 
main result essentially says that if E[Tg] < oo for some r > 2, then there exists a = a{d, r) such 
that if Kn = o{n°^), then 



Var {an{Kn)) 



X, in distribution. 



(1.8) 



as n — )■ oo, where x has a standard normal distribution. When E[rg] < oo for all r > 1, then 
a < l/{d+ 1) is sufficient for (|1.8|) to hold. This result is similar to o ur Theoremll.4l and applie s 
to cases that Theorem 11.41 does not. The method of proof used in IChatteriee and Devi ( 20091 ) 
is different from ours, and we note that they require a sli ghtly stronger moni e nt co ndition 
than we do with our techniques (see also Remark 13. 4p . In IChatteriee and Devi ( 20091 ). (jl.Sp 
is also extended to hold for graphs of the form Z x Q, which is a subclass to the class of 
essentially 1-dimensional periodic graphs defined in Definition 11.21 Moreo ver. (11.81) extends to 
a functional central limit theorem similar to our Theorem 13.61 Again here, IChatterjee and Dev 
require that E[Tg] < oo for some r > 2 in order for the functional limit theorem to hold. We 
em phasise that the pre s ent w ork was prepared simultaneously and independently of the work 
bv IChatteriee and Devi ( 20091 ) by methods distinct from those in their paper. There seem to 
be advantages with the techniques used in this paper, as well as with the techniques used by 
Chatteriee and Devi . To further exclude questio ns of originality, we also mention that this paper 
is an extended version of the earlier manuscript lAhlbergl ( 20081 ). in which several of the results 
presented here were included, among them Theorem 11.41 



Monotonicity of mean and variance. It seems natural to believe that the mean and vari- 
ance of T{u, v) increase with the distance between u and v. We will prove two theorems con- 
cerning this. 

Theorem 1.6. Let Vn,i denote a specific vertex at level n. For all i = 1, . . . ,K, i/E[Te] < oo, 
then for some Cj G M, as n —)• oo, 

E[T{vn,i)]=f^n + Ci + o{l). 

A direct consequence of this result is that 

E[T{vn+i,i) - T{vn,i)] -^ p., as n -> oo. 

Since m > 0, this prove s moii otonicity of E[T(z;„^j)], for large n. This question dates back to 
Hammerslev and WelshI ( 19651 ). That we have such monotonicity on Z is complet ely trivial, but 



on Z for d > 2 it is still an open problem to solve. A counterexample given bv Ivan den Berg 



(jl983l ) shows that such monotonicity result for the expected travel time from (0, 0) to (n, 0) on 



the {0, 1, . . . , n} X Z nearest neighbour graph does not hold for every n. This indicates that it 
might not be possible to extend Theorem 11.61 to say that the mean travel time is monotonous 
for all n. The same remark should concern also the following result which proves monotonicity 
of the variance of the travel time for large n. 

Theorem 1.7. Let Vn,i denote a specific vertex at level n. For all i = 1,. . . ,K, i/E[rg] < oo, 
then for some Ci G M, as n ^ oo, 

\&I{T{vn,^)) =a^n + C^ + o{l). 

Asymptotic behaviour of geodesies. First-passage percolation offers more than describing 
the behaviour of the passage time between vertices. One matter which has received a lot of 
attention is along which edges (path) an infection travels from one vertex to another. Do such 
paths exist, and if they do, how do they behave? On the Z lattice such minimising p aths are 



known to exist for passage-time distributions with not too big point mass at zero (see [Howard 



( 2004 ) for more precision of the statement). A simple argument that shows that such paths 



exist on essentially 1-dimensional periodic graphs (for any passage-time distribution) is given in 
Proposition 15. II As customary, we will use the term geodesic to refer to a path ^{u,v) attaining 
the minimal passage time, i.e., such that T{'y{u,v)) = T{u,v). Geodesies are not necessarily 
unique when the passage-time distribution has atoms (for continuous distributions they are; cf. 
Proposition 15. ip . For this reason, fix a deterministic rule to choose one when several are possible 
(e.g. the shortest, with some additional rule for breaking ties). 

Let Nn and N{v) denote the length of the geodesic realising Tn and T{v), respectively. Let 
{Nn}n>i denote either of the sequences {A''„}„>i, {max^jgVg^ ^(^)} >i ^^'^ {N{vn)}n>i, where 
{'Vn}n>i is any sequence of vertices such that Vn is at level n. We state here the following result, 
and refer the reader to Section and Theorem 15.21 and 15. 3|. for additional result concerning 
asymptotics of length of geodesies. 



Theorem 1.8. There is a finite constant a such that, for any r > 1, 

lim = a, almost surely and in U . 

71— >oo n 



On the W? lattice, IZhang and Zhand ( 19841 ) showed that a similar strong law, as the one 



exhibited in the above theorem, holds for "supercritical" passage-time distributions, i . e., pa ssage- 



time distributions such that Pt-({0}) > 1/2. Moreover. iGaret and Marchandl (|2004l . 120071 ) have 
considered the related case of first-passage percolation on the Z"^ lattice with passage times 
distributed as Pr = p5i + (1 — p)5oo, for some p > Pc[d). In this situation the length of the 
geodesic between two vertices equals the passage time between them (given that it is finite). 
Assume that the origin lies in the unique infinite cluster, and for z ^U^ let {un,z}n>i denotes 
the subsequence of {n}n>i such that Un,zZ lies in the infinite cluster. They showed that, almost 
surely, 

3 lim ''- — ^^ — , uniformly in z G Z . 

n— >oo Un z 

They further prove exponential decay of deviations away from this limit. Whether the same 
limiting behaviour, as in the above t h eorem , holds for general passage-time distributions on the 



U^ lattice is not known (see iHowardI ( 2004 ) for further reference) 



The [K, (i)-tube case. First-passage percolation on {K, d)-tubes is of particular interest, since 
it can be compared in a natural way to first-passage percolation on the 1/ lattice. As an example 
of such a comparison, we can see how Theorem 11.31 is a 1-dimensional analogue to the Shape 
theorem. Replace Bt with the set Bt as in ()1.3p . Let ^ik denote the time constant of Theorem 
11.31 associated with the [K, (i)-tube, and set 

B* = B*{t) = [-^,-^\^,'-^^] x%K/tY~\ 

The almost sure convergence in Theorem 11.31 is then equivalent to that for all e > 0, almost 
surely, 

(1 - e)B* C -Bt C (1 + e)B\ for large t. (1.9) 

We can in fact allow e to tend to zero with t. The precise size of the fluctuations in (jl.9p follows 
from Theorem 11.51 We refer the reader to Corollarv 13.51 for the precise statement. 

Let fiK denote the time constant associated with the (i^, (i)-tube (for fixed d). A simple 
coupling argument shows that ^k+i < ^^K■ In fact strict inequality holds for all K > 1 (cf. 
Proposition I5.10p . Apart from being decreasing, the sequence {fJiR^Kyi is bounded below by 
//(ei). Thus, the sequence is convergent. In Proposition 15. Ill we prove that 

lim iiK = /w(ei). 

This shows that the rate of growth of an infection on the (X, d)-tube approaches the rate of 
growth of an infection on the 7/ lattice, as K increases. Does the same monotonic behaviour 
hold for the constants <t^ and ax , that appear in Theorem 11.41 and 11.81 associated with the 
(K, d)-tube? There is no argument known to us that implies monotonicity. In view of the belief 
of the fiuctuations in higher dimensions, and the sub-diffusive behaviour shown in p.5p . it seems 
reasonable to believe that <t|^ tends to zero as ET — )• oo. 



Coupling and a 0—1 law. Another main part of this paper consists of the construction of a 
coupling of two first-passage percolation infections. As an application of the coupling we prove 
a 0-1 law. Define the u-algebra 7t := a{{Bs}s>t) and the tail u-algebra T ■= DtyoTf We may 
think of Tt as the c-algebra of events that do not depend on the times at which vertices are 
infected before time t. 

Theorem 1.9 (0-1 law). Consider first-passage percolation on an essentially 1-dimensional 
periodic graph Q, with a finite set of initially infected vertices. Assume that the passage time 
distribution has an absolutely continuous component (with respect to Lebesgue measure). Then 
P{A) G {0, 1}, for any event AgT. 

The 0-1 law follows from an application of the following coupling. 

Proposition 1.10 (Coupling). Let I and I' be finite subsets of the set of vertices of an essentially 
1-dimensional periodic graph Q. Assume that the passage time distribution P^ has an absolutely 
continuous component (with respect to Lebesgue measure). There exists a coupling o/JTejegE and 
{TgjeeE such that {rejeeE cind {TgjeeE form sequences of i.i.d. random variables with distribution 
Pt, and if first-passage percolation is performed with (/, {rejeeE) and (/', {rgjeeE), respectively, 
then with probability one there exists Tg < oo, such that 

Bt = B'f, for all t > T^. 

A similar coupling is presented also for discrete passage time distributions, but then on the 
more restrictive class of {K,d)-tubes (cf. Proposition 16. 2p . Theorem 11.91 is extended to include 
this case as well. Motivating examples are given to show why it is not possible to make the 
coupling as general as Proposition ll.lOl also in the discrete case (cf. Remark 16.61 and 16. 7p . 

The mild condition of an absolutely continuous component to be sufficient for the 0-1 law 
on essentially 1-dimensional periodic graphs, opens up for a discussion. We do not know on 
which other graphs this condition is sufficient. But, we give an example showing that a 0-1 law 
analogous to Theorem 11.91 cannot hold on the binary tree T^ . An interesting and challenging 
case to settle would be on the Z*^ lattice. 

The main results of this paper will be based on a "regenerative" nature that arises for 
first-passage percolation on essentially 1-dimensional periodic graphs. What we mean by a 
regenerative behaviour will be clarified in the next section, where we also derive the properties 
of the regenerative structure that will recur throughout this paper. As will become apparent, 
the idea is to identify a suitable regenerative sequence (cf . Definition 12. ip . How the regenerative 
behaviour arises naturally for exponentially distributed passage times is illustrated in Section 
12. li The general case is thereafter treated in detail in Section [2.21 

Once the regenerative behaviour is understood, some of the results we provide will follow, 
either from simple arguments or from already known results. Other results that we provide 
do not follow as easily, and will require an essential amount of additional work. This will be 
emphasised in connection with their proofs. In Section [3l the regenerative behaviour is used 
to prove Theorems 11.31 11.41 and 11.51 among others. Monotonicity of mean and variance of the 
travel time, i.e., Theorem 11.61 and II. 7t is proved in Section [H Section [5] is dedicated to study 
geodesies and properties of //, a and a. In the final Section [6] the coupling of Proposition II . 101 is 



constructed, in its continuous and its discrete version. The 0-1 law Theorem 11.91 is also derived 
and the counterexample to the 0-1 law on trees is presented at the very end. 

2 Regenerative behaviour 

Definition 2.1. We say that a sequence {^fc}A:>i of random variables is a regenerative sequence 
if there exists an increasing sequence of random variables {Xk}k>o such that 

0-) {-^fc ~ '^k~i}k>i forms an i.i.d. sequence, and 

b) {Xx^ ~^Afc„i}fc>i forms a sequence of i.i.d. non-negative random variables. 

We will refer to {Afc}fc>o as the sequence of regenerative levels. 

Some readers may recognise the sub-sequence {X\^}k>o as a renewal sequence, and the 
sequence {(X^j^., Afc)}^^„ as a 2-dimensional renewal sequence. 

The idea of how to identify a suitable regenerative sequence arises naturally for first-passage 
percolation with exponentially distributed passage times. We begin with an illustration of this 
on the (2, 2)-tube. In Section 12.21 we will generalise this idea to concern general passage time 
distributions, and any essentially 1-dimensional periodic graph. 

2.1 Exponential passage times 

Let the edges of the (2, 2)-tube be equipped with i.i.d. exponential passage times {rgjeGE) and let 
both vertices at level zero be initially infected. At any fixed time t, given the infected component 
Bt, each edge with exactly one endpoint in the infected component is equally likely to be passed 
by the infection next. Thus, at each level, with probability at least 1/2, both vertices will 
become infected before any vertex at the following level. It follows that with probability one, at 
some level r, both vertices will become infected before any vertex at level r + 1. Denote by p 
the first level for which this happens, and let Tp denote the time at which this happens. By the 
lack-of-memory property, the time it takes for the infection from this moment to reach m levels 
further has the same distribution as the time it would take to reach level m, i.e., 

J- p-\-m "Tp — ^m,' \^'^} 

In fact, at infinitely many levels, both vertices at that level will be infected before any vertex at 
higher levels. If we repeat the argument, we generate a sequence of (regenerative) levels {pk}k>i 
(see Figure E]), with corresponding sequence of instants {Tp^}fc>i, such that (j2.1|) holds. Since 
the passage times are i.i.d., the consecutive differences pk+i — Pk will be i.i.d., as well as the 
differences Tp^.^^ — Tp^. It follows that {maxjigv^^^ T{v)^ ^ is a regenerative sequence. 

The point of the regenerative sequence is the following. Note that the nth (regenerative) 
level and the time at which it occurs may be written as sums of i.i.d. random variables, i.e.. 



n-l 








n-l 




>>fc+l- 


- Pk 


and 


"^pn 


= } , ^pk+1 - 


'^Pki 


fc=0 








k=0 
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1 1 1 1 1 1 1 1 1 i 1 1 1 1 1 1 i I j I i I 

level pi p2 p:i 

Figure 2: A realisation of the spread of an infection on the (2, 2)-tube. The broken hnes 
indicate levels at which both vertices will become infected before any vertex ahead. 

where po = and Tp^ = 0. It is easy to see that classical results, such as the Law of large 
numbers, Central limit theorem and Law of the iterated logarithm, applies to {{Tp^, pn)}n>i-, 
the passage time to the nth regeneration, with respect to the level of the same regeneration. 
Such results can be expanded to include the regenerative sequence in question. This will be 
further investigated in Section [31 

2.2 The general case 

Let us now consider first-passage percolation with general passage time distribution on any 
essentially 1-dimensional periodic graph. When we refer to an edge at some level n, we mean 
an edge in Eg^ . When we refer to an edge between levels n and n + m, we mean any edge in 
Wr U ...IJWr U Eg J. . 

Let M be a positive integer and denote the set of edges between level n and n + 2M by En- 
Fix a path 7„ of shortest length between Vg^ and ^g„^2M-> i-^-; between two vertices at level n 
and n + 2M, respectively. Define the subset En of En as 

^„:=7nUEg„UEg„^,,,. (2.2) 

Define 

m, :=inf{x>0:P,([0,x]) >0}, 

M^ :=sup{x> 0:P^([x,oo)) >0}. 

Note that < m,- < M-r < cx), where the strict inequality holds since we consider only passage- 
time distributions that do not concentrate all mass at a single point. For constants t' and t" 
such that rrir < t' < t" < Mr, define the regenerative event 



An 



Te<t',yeeEn]n {re > t", Ve G En \ En}. (2.4) 



The event An is depicted in Figure [3l Trivially P{An) > 0. The vertex at level n + M first 
reached via 7.„ will be of particular interest, so we introduce the following notation. 

Definition 2.2. Let Vn denote the vertex at level n first reached via 7n-A/- That is, Vn+M 
denotes the vertex at level n + M first reached via 7„. 

We will require to consider random variables conditioned on the occurrence of events like 
An- We will therefore need a notion of conditional independence. Two random variables X and 
Y are said to be conditionally independent given A, if the random variables X conditioned on 
A, and Y conditioned on A, are independent. 
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v„\ 




Figure 3: The graph Q between level n and n + 2M. If An occurs, the thick edges at 
level n, level n + 2M and of the path 7„ are "quick" . 



Lemma 2.3. Let t' and t" be constants such that ttIt- < t' < t" < Mr- Then there exists M gN, 
such that: 



a) If An occurs, then for all u G Ufc<n '^Gk '^'^^ v G Ufc>n+2A/ ^Gfc 

T{u, v) = T{u, Vn+u) + T {Vn+M, v) , 

and T(r) > T(n, v) for any path T between u and v that does not visit Vn+M- 



(2.5) 



b) T{u,Vn+M) CLnd T {vn+M,v) are conditionally independent given An- In addition, given 
An, T{u,Vn+M) is Conditionally independent of the passage time of any edge beyond level 
n + 2M , andT{vn+AUv) is conditionally independent of the passage time of any edge before 
level n. 

Proof. It suffice to prove the lemma for u € Vg^ and v € '^g„+2M- -'^o^' given t' and t", choose 



M> 



t" - t' 



where | • | denotes the cardinality of the set. Set j3 := dist(7)„+j\f , Vg^^j^,^), where d\st{v.,V) 
denotes the smallest number of edges one has to pass in order to reach a vertex of V from f , 
and define (see Figure [3|) 



n+2M 

Vn.= {v£ y Yg^ :dist(t;,Ve„ 

j=n 



/3 



> . 



We will prove that, given A^, 

T{u, Vu+m) < T{u, w) and T{vn+M, v) < T{w, v) 



(2.6) 



for all w GVn\ {vn+Ai}- This proves that T{T) > T{u,v) for all paths T between u and v that 
does not visit Vn+M, since each path from n to f has to pass some vertex in Vn- Thus, also 
()2.5p holds. That T{u,Vn+M) and T {vn+M,v) are conditionally independent given An is easily 
seen from the following observation. When An occurs, if follows from (|2.6p that T(u,Vn+M) is 
the infimum of r(r) over all paths F from u to Vn+M that intersects Vn only in Vn+M, whereas 
T {vn+M,v) is the infimum of T'(F) over all paths F from Vn+M to v that intersects Vn only in 
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Vn+M- Hence, the infima of passage times are taken over paths in disjoint parts of the graph. 
The remaining statement in b) follows similarly. 

To deduce (|2.6p . condition on An- By definition of 7„ and Vn, 

T{w',Vn+M) < T{w',w) 

for any vertex w' visited by 7„, and w ^Vn\ {vn+hi}- Let 7" denote the part of the path 7„ 
between Vg„ and Vn+M- Let V be any path from u to Vn disjoint from 7". Note that 

T{u,Vn+M) < (|EgJ + |7n I) t' and T{T) > \-f~\t". 

(Here 7" is identified with its set of edges.) By the choice of M, 

T{r)-T{u,vn+M) > (i"-0l7n|-|EgJi' > {t" - t')M - \EgJt' > 0. 

This proves that T{u,Vn+M) < T{u,w) for all w € Vn\ {vn+Al}- The proof of the remaining 
inequality in (|2.6p is similar. D 



Assume from now on that t' , t" and M are chosen in accordance with Lemma 12.31 We 
will next introduce an auxiliary random variable A. Throughout this paper, A will denote any 
bounded integer-valued random variable independent of {Te}e£E- The auxiliary random variable 
is not necessary in order to derive the regenerative behaviour we do in this section. In fact, A is 
of no importance to most of our results in this paper. We will in Section [3] set A = 0. However, 
A will play a role in Section HI where we need to be more careful to prove monotonicity of 
mean and variance. At this point we do not specify its distribution further, other than having 
bounded support. 

Let Pi := max{n G Z : Vg,^ Pi / 7^ 0} denote the furthest initially infected level. Define 

nk:= pi + A + k{2M+l), for A; G Z, 

and note that the sequence of events {An^}k&z is readily seen to be i.i.d. Let k = minj/c > : 
Ani^ occurs} and set po := "-k + -^- Define further 

Pk := M + min{ rim : rim > Pk-i and An^ occurs}, for A; > 1, 

Pk := M + max{?im : ra^ + M < pk^i and An,^^ occurs}, for k < —1. 

Since {An^}k£Z is i.i.d. and P (An^) > 0, the second Borel-Cantelli lemma gives that 

P {Anf. occurs for infinitely many A; > 0) = 1. 

The same holds for k < 0. This generates a sequence {pk}kei., where —00 < pk < 00 almost 
surely. 

Note that pk > pi + M for A; > 0. Thus, for A; > 0, Lemma 12.31 says that each path along 
which any vertex at level pk + M and beyond is infected has to pass the vertex Vp^^ . 

Definition 2.4. A vertex Vn will be referred to as a regeneration point ifn = pk for some k > 0. 
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Figure 4: A schematic picture of a graph, in which boxes indicate locations of the 
sequence {An^}k>o, vertical lines indicate the sequence {pk}k>o, and dots indicate 
{vn,,}k>o- The distance between the two vertical lines is 5^, and the thick curve 
indicates ts^- 



For A; € Z, define 



Sk ■= Pk - Pk-i, and Ts^ := T{vp^_^,Vp,^). 



For k > 1, Sk denotes the distance (measured in levels) between two regeneration points, and 
TSf. denotes the passage time between two regeneration points. By Lemma 12.31 we see that 
TSf. = T{vp^) — T[vp^_^) for k >1. With this notation, we may for n > write the level of the 
nth regeneration, and the time it takes for the infection to reach the nth regeneration, as 



Pn = Po 



+ ^Sk, and T{vp^ ) = T{vp,, ) + ^tsi. 



k=l 



fc=l 



respectively. 



Lemma 2.5. Assume that t' , t" and M are chosen in accordance with Lemma \2.3[ Then, 
{{tsi^, Sk)}kez forms a sequence of i.i.d. [0,oo) x Zu^-valued random variables. 

Proof. That {5fc}fcez is an i.i.d. sequence of geometrically distributed random variables, times 
a factor 2M + 1 can easily be seen, since the events ^4^^ are pairwise independent with equal 
success probabilities. 

Note that ts^ is a random variable of the form T{vni+M-,Vnj+M)-, for some i < j, conditioned 
(in particular) on the occurrence of the events ^„. and An^ ■ Thus, independence of ts,^ and rs, 
for k 7^ / follows from Lemma 12.31 part b). That they are identically distributed is due to the 
events An,, being pairwise independent with equal success probabilities. D 

Proposition 2.6. The sequence {T{vn)}n>i is a regenerative sequence. Moreover, iff, t" and 
M are chosen in accordance with Lemma \2.S\ then {p„}„>o is a sequence of regenerative levels 
for {T{yn)}n>i, such that 

T{vp^+rn,i) - T{vpJ = T{vp^+rn,i) " T{vp^), for allm> M,n> 1, 

where superscript d indicates that the equality holds in distribution. 

Proof. That {T{vn)}n>i is a regenerative sequence with sequence of regenerative levels {pn}n>o 
follows from Lemma [221 By Lemma ESI T{vp^^rn,i) - T{vp^) = T{vp^,Vp^+rn,i) for m > M, 
whose distribution is independent of n, by definition of An. D 
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Let fir '■= '^b'Sk] ^^^ t^s '■= E[5fc] denote the expected passage time and distance between 
two regeneration points, respectively, and define 

l^r , 2 Var(rg^ - fiSk) , . 

li := — , and a := . (2.7) 

It is immediate from the construction that the distributions of Sk and rg^. (and therefore also fi 
and (T^) does not depend on the set of initially infected vertices /, nor on A. We will in next 
section see that fi and o"^ appear as the constants that figure in Theorem 11.31 11.41 and 11.51 In 
order to state clear moment conditions, we will also need to know how moments of t^ relate to 
moments of Sk and ts^. ■ This is given in the following proposition. 

Proposition 2.7. Assume that the passage time distribution Pr does not concentrate all mass 
in a single point. Then, 

a) there exists an a > such that E [e" *=] < oo. 

Assume further that there are p > 1 (edge) disjoint paths from vq to vi. Let Y = min(ri, . . . , Tp), 
where ti, . . . ,Tp are independent and distributed as Pr ■ Then, 

b) i/E[y"] < oo, for some a > 0, we have < E [r^ ] < oo. 

In particular, if E[t"] < oo, then E[r^ ] < oo, and if E[t^ ] < oo for a = 1, and a = 2 
respectively, then 

< fi < oo, and < a^ < oo. 

Proof, a) Recall that if 9 is geometrically distributed with parameter p^ = P{An), then 5"^ = 
(2M + 1)6*. In particular, < E[S^] < oo for q > 0. Moreover, 

oo 

E[e°5fc] = ^e"(2A-^+^)"(l-pA)""V 

n=l 

oo _-. 

n=l 

ife"(2M+i)(i_p^) <1. 

b) Let r^- , . . . ,r^^ denote the p disjoint paths from Vj-i to Vj. Note that subadditivity 

gives 

Pk 

rs, < Y. T{vj.,,vj). (2.8) 

j=Pfe_i+i 
For any edge e G E we have 

PiTe>t\An) < P{Anr^P{Te>t), and P(re>t|^^) < P(A^)-ip(re > t). (2.9) 

Set A„ := {Sk = (2M + l)n}. Note that A„ is of the form Hie/ ^"i fljeJ^n' ^°^ disjoint sets 
I,J'^{l,l + l,...,l + n}, where / is such that ui = pk-i — M. Hence, it follows from (|2.9p that 

(i) 

when e G r^- for some i = 1, . . . ,p and j = Pk~i + 1, • • • , Pk, then 

P{Te > t\An) < CiP{Te > t), (2.10) 
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where Ci = max (P(A„) ^,P{A^) ^). We will next prove that 

E[T(*,_i,^,-)lA„] < C2E[y°], (2.11) 

for j = /Ofc_i + 1, . . . , pfc and some C2 < oo. Let A denote the length of the longest of the paths 

3 



r^- . Then (|2.11|) follows immediately from 



P{T{v,_i,v,r>t\K) < np(r(r«)>ti/"|A„) < n 2] P(Te>t^/"/A|A„) 



< cl\pp{Te > t^/^/xf = cfAPp(y" > t/A"), 

where the second inequality follows since T(r^^') > s implies that at least one of the edges 
e G r^- has Tg > s/\, and the third inequality follows from ()2.10p . Combining (|2.8p and (|2.1ip 



we deduce that 



nri] < Ee 



n=l 



Pk 



An 



P(An) 



E T{vj.i,Vj) 
i=pfc-i+i 

00 Pfc_i+n 

"=i i=pfc-i+i 

00 

< C2Y, ^"^^ E [y"] P(A„) < Ca E [y"] E [5; 

n=l 



r'] 



where the second inequality follows since for any non-negative numbers aj we have 



(2.12) 



^aA < (nmaxa^)" < n"^a°. 



(2.13) 



Thus, E [r^ 1 < 00 from part a). We can conclude that E[r^ ] > 0, since the passage times of 
all edges connecting level pk^i + M and pk^i + M + 1 are independent of A„. D 

Remark 2.8. It is worth pointing out that the initially infected component does not need to be 
finite. But, there needs to be a level m beyond which no vertex is initially infected. Proposition 
holds also in this case. D 



3 Asymptotics for first-passage percolation 

In this section we will present some variants of classical results for i.i.d. sequences, but here for 
first-passage percolation considered on essentially 1-dimensional periodic graphs. The fact that 
{T{vn)}n>i is a regenerative sequence, and in particular, that {TSf.}k>i and {Sk}k>i form i.i.d. 
sequences, will play a central role. We will assume throughout this section that t', t" and M 
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are chosen in accordance with Lemma [231 and that the auxiliary variable A = 0. In order to 
approximate T(z)„), we will stop the sequence {r(^pfe)}fc>o iii & suitable way. The asymptotic 
behaviour of stopped sums of this form, so called stopp ed random walks, i.e., random walks 
stopped by some stopping time, has been studied before. iGutI ( 2003 ) treats this subject. Once 
the regenerative behaviour is known, results as Theorem 11.31 and 11.51 are easily obtained from 
the classical Law of large numbers and Law of the iterated logarithm. So, there is in these cases 
no need to refer to the theory for stopped sums. However, Theorem 11.41 and 13.61 would require 
more work, and we will base our proofs of these results on known results for stopped random 
walks. We should mention that apart from the results presented here, it is possible to deduce 
other results, such as stable laws, from known results for stopped random walks. 

We will without further comment use the fact that if 1^ — )• y and r/„ — )■ oo almost surely as 
n — )• oo, then Y^^^ — )• Y almost surely as n — )• oo. We also remind the reader that for any i.i.d. 
sequence {Yn}n>i, a simple application of the Borel-Cantelli lemmas shows that 

lim ^^ = 0, almost surely <^ E[|yi|''] < oo. (3.1) 

n— >oo n 

To see this, note that Edyil"^] < oo is equivalent to 

oo 

y^ -PdynT > £"■) < OO) for any e > 0. 

n=l 



This is by the Borel-Cantelli lemmas equivalent to 

\Y 1"^ 
lim — - — < e, 

n— >oo n 

and ()3.ip follows. 

In order to approximate T(vn), we will stop the regenerating sequence when An,, occurs for 
the least k such that Uk > n. In terms of the sequence of regenerative levels, we define 

z^(n) := min{m > : pm > n + M}. 

Lemma 3.1. {i'{n)}n>o is a nan- decreasing sequence such that 

a) lim — -— - = /is', almost surely. 
n-5-oo vin) 

b) lim = 1, almost surely. 

71— >oo n 

Proof. It is clear that iy{n) t oo as n — )■ oo. Lemma [2.5l and Proposition 12.71 assure that {Sk}k>i 
forms an i.i.d. sequence with finite mean. Since /3jy(„)_i < n + M < Py(n)i ^^ have 

Pu{ri) Sy(n) n + M Puin) 

u{n) v[n) ^{''T') ~ i^in) 

This, together with the classical Law of large numbers and p.ip proves a). Since 

Piy{n) _ Pv{n) l^{n) 

n v{n) n 

part h) follows from the Law of large numbers and part a). D 
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Recall that {r„}„>i denotes either of {T„,}„>i, {max^gVg„ T{v)}n>i and {T{vn)}n>i, where 
{vn}n>i is any sequence of vertices such that Vn is at level n. When we prove Theorem II. 3[ \TM 
and 11.51 we will first obtain the results for the stopped sequence {T{vp^,s)}n>i- What we then 
need to finish the proofs is summarized in the following lemma. 

Lemma 3.2. Assume that there are p > 1 (edge) disjoint paths from vq to vi. Let Y = 

min(Ti, . . . , Tp), where ri, . . . , Tp are independent and distributed as Pr- Then, for any a > 0, 

\Pu(n) ~ "■ 

a) lim = 0, almost surely. 

n— >oo n 



h) i/E[y"] < oo, then lim '^ = 0, almost surely. 

n— >oo n 



\Tn — T{Vn)\ 

c) i/E[T"] < CO, then lim — = 0, almost surely. 

n— ^oo n 

Proof. Since Pjy(„) — n < S^f^n) + M = Sk + M, then a) follows from (|3.1|) and part a) of 
Proposition 12.71 By subadditivity 

Pu{n) Pv{n) 

j=n+l j=P,.(n)-l-M+l 

which in the proof of Proposition 12.71 was seen to have finite moment of the same order as Y. 
Thus, also b) follows from (|3.ip . Finally, also c) follows from (|3.ip . Note that 

Tn < T{vn) < max T{v) < T^ + y^ Tg, 

eGEg„ 

implies that |r„ — T{vn)\ < J2eeEa ^^j which via ()2.13p is easily seen to have finite moment of 
same order as Tg. D 

3.1 Proof of point-wise limit theorems 

Proof of Theorem \l.'J[ Almost sure convergence. Lemma 12.51 and Proposition 12.71 gives that 
{TSk}k>i is an i.i.d. sequence with finite mean. Thus, as n — )■ oo, 

n v{n) n ^s 

according to the classical Law of large numbers and Lemma |3. II We conclude that, as n — t- oo, 

lM = ^^<^^^\^^'-^-''^<^^^^ ^ /^, almost surely, 
n n n ^s 

by part b) of Lemma 13.21 The almost sure convergence of Tn/n now follows from part c) of the 
same lemma. 
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Uniform integrability. It suffices to prove that sup„>;^ E [(T„/?i)^] < oo. According to 
subadditivity and (|2.13p 







By convexity of the function x^, we have 



\ fc=i 



fe=l 



Hence, to prove uniform integrabihty of {(T„/n)^}n>i, we only have to conclude that E [T(-Oo)^] , 
E [T{vj-i,VjY~\ and E [(X^gg^ Tg) ] are finite when E[Tg] is. This is easily seen via (|2.13p . 
since both T{vq) and T{vj-i,Vj) can be bounded by the passage time of a finite number of edges. 
(Note that the regenerative behaviour was not used.) 

L"^ -convergence. The L^-convergence now follows from the almost sure convergence and 
uniform integrability. D 

Theorem 11.41 will be deduced from the follow ing result s ometimes referred to as Anscombe's 
theorem. For a proof, we refer the reader to e.g. iGutI ( 2003 . Theorem 1.3.1). 



Theorem 3.3 (Anscombe's theorem). Let {^k}k>i be an i.i.d. sequence with mean zero and 



variance aj. Assume further that 



r]{n) 



n 



^r){n) 



in probability, 



~ ^ X) ^'^ distribution, 



as n ^ oo. Then, as n ^ oo, 



a^vOn 

where x ^o.^ c- standard normal distribution. 

Proof of Theorem \1.4\ It follows from Lemma 12.51 and Proposition 12.71 that {ts,^ — fJ-Sk}k>i is 

an i.i.d. sequence with zero mean and finite variance. An application of Anscombe's theorem, 

together with Lemma l3.ll gives convergence in distribution of the former term in the right-hand 

side of 

Tjvn) - ^n ^ Tjvp^^^^) - /i/)^(„) Tjvn) - T{vp^^^^) - /z(n - p^(„,)) 

a^/n CTy/n o^/n 

to a standard normal distribution, as n — ?• oo. The latter term in the above right-hand side 
vanishes according to part a) and b) of Lemma 13.21 The convergence of Tn now follows from 
part c) of the same lemma. D 

Theorem 11.51 will be proved from a version of the Law of the iterated logarithm for i.i.d. 
sequences that is more general than the classical one. The classical version would suffice to 
prove the second statement i n the theo rem. A proof of the more general version for i.i.d. 
sequences can be found in e.g. iGutI ( 20051 ). 
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Proof of Theorem \1.5[ Recall that ts^. — fJ,Sk are i.i.d. for A; > 1, with zero mean and finite 
variance, due to Lemma 12.51 and Proposition 12. 7[ Trivially 



T{vn) - /in _ 2^('^P.(„)) - f^Pu{n) _ / y(n) /loglogi/(n) 



ay/2n log log n cr y^/is'2i^(n) log log i/(n) V n y log log n ,^ ^. 

T{Vn) - r(i)p^(„)) - ^l{n - /3^(„)) 



+ 



0\J2n log log n 



Since y{n) is non-decreasing, and for each m E Z_|_, there is an re G Z_|_ such that v{n) = rre, it 
follows from the extended version of the Law of the iterated logarithm for i.i.d. sequences that 

£ <^ — , ^'^'"' , , / " / N ) I = [-I'l]' almost surely, 

\ [ cr V /"52z^(n) log log v(n) 

and, in particular, that almost surely 



n:i'(ri)>3 y 



Imisup ^^^^^^^^^ = 1, and iimmi ^^^^^^^^^ = — 1. 

n^oo CrV/i52l/loglogZ^ n^oo cr -y//i 5 2 1/ log log Z^ 

Lemma |3. II gives that /X5i^(re)/n — t- 1, almost surely, as re — ?• 00, and we further conclude that 

log log ^(^) log (log re + log ^) 
lim — — = lim ^ — — = 1, almost surely. 

n->-oo log log re n-s>oo log log re 

An application of Lemma 13.21 now completes the proof. D 

Remark 3.4. Say that we are interested in the sequence {T{vo,Vn)}n>i- A closer look at the 
proofs of Theorem \1.'6\ 11.41 and 11.51 reveals that the only moment condition required in order to 
prove the various modes of convergence for {T{vq, Vn)}n>i is not E[t"] < 00 for given values of 
a, but E [r^ ] < 00, for A; > 1 and corresponding a. According to Proposition 12.71 this holds 
when E[y"] < 00, where Y denotes the minimum of p independent passage times, and p is the 
number of disjoint paths from vq to vi. As an example, on any {K,d)-tuhe with K,d >2, the 
passage time distribution given by 

P{Te > x) = X"", for X > 1, (3.3) 

for some a > 0, satisfies E[r"] = 00 but E[min(ri,r2)"] < 00. Hence, Theorem ll.3[ 11.41 and 
11.51 holds in this example for the sequence {T{vQ,Vn)}n>i and corresponding values of a, even 
though E[t^] = 00. D 

3.2 One dimensional shape theorem 

Theorem 11.51 gives the precise rate of convergence towards the asymptotic shape B* in the 
case of {K, d)-tubes. We will next rephrase this in terms of the set of infected vertices. The 
following corollary gives the precise rate of fiuctuations of that set. Recall that B* = B*{t) = 
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Corollary 3.5. Consider first-passage percolation on a {K,d)-tube with E[Tg] < cxo. We have 
for all A > ay/2/fiK, almost surely, that 

1 - X^t-Hoglogt] B* C -BtC (l + X^/t-^loglogt^B*, (3.4) 



for all t large enough. Moreover, for all A < a^Jlj ^ik and s > 0, for either of the inclusions in 
Ili3.4\ ), there exists, almost surely, t > s such that the inclusion does not hold. 

Proof. Fix e > 0. By Theorem 11.51 there exists an almost surely finite A^ = A^(e) such that 



fixn - (1 + e)o- v^2n log log n < min(r_„,r„), 

for all n > A^. This implies that 

Bt C [-n,n]x[0,Kf-\ 

for all 

t < fixn — {1 + e)a^/2nloglogn (3.5) 

and n > N. Write nt for the least n such that (|3.5p holds. By the choice of nj, 

t , 1 + e 



> nt-1 (Ty^2{nt - l)loglog(ni - 1) = {nt - l)g{nt), 

for some increasing function g such that g{n) — )• 1 as n — )• oo. It follows that 



nt-1 < (t + {l + e)aj -— log log- 



l^K \ Y fJ'Kg{nt) HKg{nt) I 

Since nt — )■ oo, also g{nt) — t- 1, as t — t- oo. Since e > was arbitrary, we have shown that for all 
e > there exists an almost surely finite T = T(e) such that 



Bt C [t + {l + e)a\l — loglogt]B* 



for all t > T. The proof of the lower inclusion in ()3.4p follows in a similar way from Theorem 
11.51 applied to max„cVg T{v). 

It remains to prove the second statement of the corollary. Fix e > 0. It follows from Theorem 
11.51 that for all n > 1 there exists, almost surely, N = A^(e) > n such that 



Tn < f^xN - (1 - e)<7 V2MoglogiV 

In particular, 

Bt^ 2 [-N,N]x[0,Kf-^ 

for t]\f := hkN — (1 — e)a\/2N log log N. Since t^r < ^k^ ■, it follows that 



Bt, 2 (% + (l-W— loglog^)B*. 



Since e > was arbitrary, we have shown that for any A < a\j2/ ^i^, e > and s > 0, there 
exists, almost surely, t = t{e) > s such that the upper inclusion in (|3.4p cannot hold. The failure 
of the lower inclusion follows in a similar way. D 
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3.3 Functional Donsker theorem 

Donsker's theorem can be seen as a functional version of the central limit theorem. In con- 
trast to the central limit theorem that treats weak convergence of real- valued random variables, 
Donsker's theorem treats weak convergence of sequences of real-valued random functions. Let 
D = D[0,oo) denote the set of right-continuous functions with left-hand limits on [0, oo). Let 
V denote the a-algebra generated by the open sets in D with Skorohod's Ji-topology, defined 
by the following. Let A denote the set of strictly increasing, continuous mappings of [0, b] onto 
itself. A sequence {fn}n>i of elements in D is said to be Ji-convergent to / if, for every b > 0, 
there exists a sequence {Xn}n>i in A such that 

sup \Xn{t) - i| -^ 0, and sup |/„(A„(t)) - f{t)\ -^ 0, 

0<t<fe 0<t<b 

as n — )• oo. If {Pn}n>i is a sequence of probability measures on the measurable space (Z),P), 
then we say that Pn converge weakly to P, denoted Pn =^ P, if 

fdPn^ f fdP, 
D JD 

for all bounded, continuous / from Z) to M. 

Let {Cfc}fc>i be an i.i.d. sequence of random variables with zero mean and variance a"} < oo, 
set Sn = Y12=i ^k, and define 

X„(t):=^^5L„tj, fort>0. 

Donsker's theorem states that Xn =4- W, as n — )• oo, where W denotes Wiener measure. The 
following is a result in the same spirit, for our first-passage percolation process. 

Theorem 3.6 (Functional Donsker theorem). //E[rg] < oo, then 

Tint] -f^[nt\ j^ 

— !— i — -= =^W, as n^ oo. 

ay/n 

As for the point-wise central limit theorem, there is an Anscombe version of Donsker's 
theorem. We will use it as a lemma to prove Theorem 13.61 Suppose that {ri{n)}n>o is a 
non-decreasing, right-continuous family of positive, integer valued random variables such that 
r]{n)/n — )• 6, almost surely, as n — >■ oo. Define 

Yn{t) := ^5^(L„tj), for t > 0. 

a^^/n '^'- ^' 

An Anscombe-version of Donsker's theorem states the following. 

Lemma 3.7. 

J 



^-V2y^ 4 147^ as n ^ OO. 
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We refer the reader to iGutI (J2009l . Theorem 5.2.1) for a proof of Lemma 13.71 The lemma is 
of great interest in its own right, but we restate it here as a lemma in order to maintain focus 
on our main aim. We will deduce Theorem 13.61 from Lemma 13.71 

Proof of Theorem \3M Lemma [231 and Proposition 12.71 assure that {r^^ — nSk}k>i is an i.i.d. 
sequence with zero mean and finite variance. From Lemma 13.71 it follows that 

^^— ^^ — ;= => VV, as n — > CO. 

It remains to prove that, as n — ?• oo. 



sup 

0<t<b 



a^/n 



0, almost surely. 



(3.6) 



According to Lemma [321 as ?i — )• oo, 



fn- 


-n^M„))-Mn- 


- Puin)) 




cr-y/n 





0, almost surely. 



(3.7) 



For any sequence of real numbers {x„}„>i it holds that 



lim —= = 



^.^ maxfc<b„|Xfc| ^ 



n 



(3.8) 



To see this, fix e > 0, and choose A^ such that \xn\/\/n < e for all n > N. Then the left-hand 
side in (|3.8p can be made arbitrarily small for large n, since 

maxk<bn\xk\ maxfc<Ar|xfc| max ]y<:k<bn\xk\ . , /r 



if n is chosen large enough. 

In fact, (|3.8p improves (|3.7p . and we get 



maxfc<b„ 



fk - T{vp^^^^) - fi{k - p^(^k)) 



(Ty/n 



0, almost surely, 



as n — )• oo. But this is equivalent to ()3.6p . 

Remark 3.8. Remark 13.41 applies also to Theorem 13.61 



D 
D 



4 Monotonicity of mean and variance 

In this section we will prove Theorem II. 61 and II. 7[ This shows that mean and variance of T{vn,i) 
are monotonous in n, if n is sufficiently large. The method of proof will use the regenerative 
behaviour explored in Section [21 In this section, the auxiliary random variable A introduced in 
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Section [2] will turn out useful. Throughout this section, A will be assumed uniformly distributed 
on{0,l,...,2M}. 

From what is known for stopped random walks (see e.g. iGutI ( 20091 . Theorem 4.2.4)), it 
follows that E[T(vp^ )] = fin + C, for some constant C, and Var(T('i)p^, )) = a'^n + o{n), for 
large n. We will in this section need an essential amount of extra work, in order to improve the 
latter statement and prove that there is a constant C, such that Var(T('Op^ )) = a'^n + C. What 
then remains in order to prove Theorem 11.61 and II. 7| is to show that the differences between 
E[T{vn,i)] and E[T{vp^^^^)], and between Var(T(f„,j)) and Yar{T{vp^^^^)), converge as n -^ oo. 
We will present full proofs of Theorem 11.61 and 11.71 based on Wald's lemma. 

Lemma 4.1 (Wald's lemma). Let S,i,S,2t-- be i.i.d. random variables with mean fi^, and set 
Sn = X]fc=i ^k- Let N be a stopping time with E[A^] < oo. 

a) E[SN]=f^cE[N]. 

b) Ifal = Var(6) < oo, then E [{Sn - /UgiV)^] = a|E[iV]. 

c) If X is independent of ^1,^2, ■■ ■, then E[XSn] = ^£_E[XN]. In particular, Cov{X,S]\[) = 
H^Coy{X,N). 

A proof of Wald's lemma can be found e.g. in iGutI ( 2003 . Theorem 1.5.3). The third part 
of the lemma is a slight extension of the first part, and proved in an analogous way. If J-n = 
a{{{po,T{vp^^)), (S'i,r5^), . . . , iSn,Ts^)}), then it is immediate from the definition that z^(n) is a 
stopping time with respect to the sequence of a-algebras {Tn}n>i- 

The importance of the auxiliary variable A is the following. A regeneration point may only 
occur every 2M + 1 levels. However, introducing a shift uniformly distributed on {0, 1, ... , 2M} 
allows every level equal probability to be included in the subset of levels at which regeneration 
points may occur. This is precisely the role of A. This allows the following lemma, as well as 
details in the proof of Theorem 11.61 and 11.71 to become less messy. 



Lemma 4.2. For n > pi, 



nHn)] 



n 



PI 



PS 



Proof. Assume that n > pj. We may interpret z^(n) as the number of regeneration points before 
(but not including) level n + M. That is, the number of fc > such that A„j. occurs for n/^ < n. 



Since no = p/ + A, this number is at most 



n+2M-pi-A 
2M+1 



Since the shift A is independent of 



{rejesE) we can, conditioned on A, think of u{n) as the number of successes in 

independent Bernoulli trials, each with success probability pA '■= P{-^nk)- Conditioning on A, 



n+2M-pj-A 
2M+1 



we see that 



If n- pi = {2M + 1) 



E[iyin)] = paE 



n + 2M - PI - A 



2M + 1 
for some k >0, one realise from ()4.ip that 



(4.1) 



E[u{n)] 



PA 
2M + 1 



(2M + 1) 



n 



PI 



PS 



24 



where the latter equahty fohows from the fact that Sk is geometricaUy distributed with parameter 
PA, times a factor 2M + 1, that is, fj-s = (2M + l)/pA- Again from (|4.1|) . one reahse that as 
n — Pi increase from (2M + l)k to (2M + l)k + 2M, then E[i/(?z)] wih have to increase with 
Pa/C^M + 1) for each step. D 

We are now ready to prove Theorem 11.61 and 11.71 

Proof of Theorem M.bX Wald's lemma together with Lemma 14.21 gives that 



E 



T{vp,,J 



E 



u{n) 
fe=l 



E [T{vpo)\ + Hr E[z^(n)] = E [T{vp^)\ + jin - jipi. 



It remains to prove that there is a finite constant Cj such that 



E 



T{Vn,i)-T{Vp ) 



— ;■ Cj, as n — )• oo. 



(4.2) 



Arguments of the type we will use to prove (|4.2p will be used repeatedly in the proof of Theorem 
11.71 For this reason, we present the argument in detail here. To make the argument clear, we 
will define a random variable to which T{vn,i) — T{vp^ ) converges in distribution. The limit 
Ci will then be the expectation of this random variable. 

Recall that n^ = /)/ + A + k{2M + 1), set rrin^k '■= n — (2M + l)/c for k > 1, and set 

r+ := M + uim{nk > : An,, occurs}, 
tq := M + max{?n,o,fe < : A^^ ^ occurs}. 

Observe that r+ denotes the first element of the sequence {pk}k>o greater than zero, whereas 
ro is not defined along the same subsequence of the integers as {pk}k>o- Define 

Yk,i := T{vro,Vk,i), and Y+ := T{vro,Vr+), 
and the events 

Dx,n '■= {Am„ fc occurs for some k such that pj < run^k < n}, 
Dy.ti '■= {Amg J. occurs for some k such that pj < rrio^k + n < n}. 

Clearly P{DT,n) = P{DY,n) — )• 1 as n — t- oo. Moreover, 

{T{Vn,^) - TiVp^^J <t}n DT,n = {Yo,^ - Y+ < t} D DY,n- 

So, if we let Hx^n = {T{vn,i) — T{vp^. ) < t} and Hy = {^0,1 — ^+ < t}, then as n — )• 00, 

P{HT,n) = P{HT,nn DT,n) + P{HT,nn D^^J 

= P{Hy) + P{HT,n nD!rJ- P{Hy n D^.^) ^ P{Hy). 



(4.3) 



Thus, T{vn,i) - T{vp^^^^) -^ Yo -Y+ as n ^ 00. If, in addition, {T{vn,i) - T{vp^^^^)}^^-^ is 
uniformly integrable, then 



E 



nvn,)-nvp^^j 



E\Y 



0,i 



n 



as n — )■ 00. 
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To deduce uniform integrability, it suffices to prove tliat sup^^^E [T(u„^j) — T{vp^,,)~^ < oo. 
Subadditivity gives tliat 



Pv(n) 



T{Vn,i)-T{Vp^^^^) < T{Vn,i,Vn)+ ^ T{Vj_i,', 

j=n+l 



(4.4) 



But, the distribution of the right-hand side of ()4.4p does not depend on n. Thus, it suffices to 
see that it has finite expectation. Conditioning on Ay^ = {piy/n) — n = k}, one may do so in an 
analogous way as in (|2.12p in the proof of Proposition 12. 7t part b). We omit the details. D 

The proof of Theorem 11.71 needs a little more work, due to arising covariance terms. Moment 
convergence arguments similar to the one made to prove ()4.2p will be used repeatedly. 

Proof of Theorem \1.7\ To begin with, 

Var {T{vn+2M,i)) = Var \T{vp^^^^) - fipu{n) 

+ Var \T{Vn+2M,i) - T{vp_^^^^.^) + Hpu(n)^ 

+ 2 Gov \T{Vp^f^^^) - fip^(^n),T{Vn+2M,i) - r(*p,(„) 

+ 2p Gov {T{vp^^^^), Pj,(„)) - 2p^ Var {pu(n)) ■ 



(4.5) 



We will have to treat each of the terms on the right-hand side one by one. Consider the first 
term in the right-hand side in 14.51 ^^d note that 



Var T(v 



^P^n)) - fJ'Piyin) 




Var I T{v^ 



E 



pSk 



-hVar T -0 



POJ 



Wo) 



2Cov j;(T5,-M5fc),r(. 



POJ 



MPO 



, fc=l 



So, an application of both the second and third part of Wald's lemma, together with Lemma 
21 yield 

Var \T{vp^^„^) - PPu[n)j = Var (rg,, - pSk) E[i/(n)] + Var [T{vp^^) - ppo) 

+ H^Sk - fJ'Sk] Gov (i/(n),T(i}pJ - ppo) 



a {n — Pi) + Var (r(u 



PO) 



Wo 



To conclude that Var(/9j^(„)) is constant, interpret Pj^{n) ^s the level of the first regeneration after 
level n. Since a regeneration is equally likely to occur at any level, due to the shift variable A, 
it follows that Yai{pyUi)) = Var(pj^(-„) — n) is independent of n, and therefore constant. 
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All remaining terms in the right-hand side of (|4.5p will in some way or another need an 
argument similar to the one used to prove (|4.2|) . Recall the notation used for that purpose. We 
may in an analogous way as in ()4.3p divide into cases whether Dx^n and Dy^n occurs or not, to 
show that 

T{vn+2M,i) - T{vp^^^^ ) + ii{pu{n) - n) ^ Y2M,i " '5^+ + ^?'+, as n -^ oo, 
Uniform integrability of < (T{vn+2M,i) — '^{'^pv<n-)) + f^{Pu(n) ~ ^)) f i can be proved similar 

I ' '^^"' ) n>l 

to the uniform integrability needed for ()4.2p . It follows that for r = 1, 2 



E 



{T{Vn+2M,i) - r('Op^(„) ) + li{pu(n) - n))'' ^ E [{Y2M,i - Y+ + fir+Y] , 



as n — >• oo. From this we conclude that for the second term in the right-hand side of (|4.5p we 
have that, for C, = Var(y2M,i — ^+ + /^^+)) 



Var (T{vn+2M,i) - T{vp^^^^) + n{p„(n) - n)j = Q + o(l). 



as n — )• oo. 



To tackle Gov (T({)p_^, ),p^(„) j, introduce r„ := M + max{mn^k < n : A^^^ occurs}, and 
rewrite 

Cov(^r({)p_^j^,),p^(„)j = Cov(^r({)p^(^,)-r({)r„),p^(„) -nj 

+ Cov(T({)r„),p^(„) -n). 

It is easy to see that /0^(„) — ?i = r+ for n > pj. Partitioning on whether Dx^n and -Dy,n occur 
or not, we see that, as n — )■ oo, 

T{vp^^„^)-T{vrJ ^Y+, and (T{vp^^^^) - T{vrjj {pu{n) - n) -^ Y+r+. 

Uniform integrability of {(p;,(„) - n)^}^^^ and {{T{vp^^^^) -T{vrJ) }„>-^ is possible to deduce 
in a similar way as before, conditioning on A^ = {p,yfn) ~ fn = k}. This implies that also 
{ {T{vp^,.) — T{vr„)) {Pu{n) ~ "')}n>i ^^ Uniformly integrable. We conclude that, as n — )• oo 

Cov(r(D,^(„j)-r(i),,J,p,(„)-n) ^ E[y+r+]-E[y+]E[r+] = Cov(y+,r+), 

On the event Dx^n, T{vr,J depends on passage times below level n, but not on A, whereas 
Pi/(n) ~ 1'^ is independent of passage times below level n, and hence on Dx^n- It follows that 

E [T{Vr„){Puin) - n)lDr,^ = E [T(i).JlD^,J E[r+]. 

In particular, 

Gov {T{vr„),Pu(:n) - n) = E [T(i)r„)(/3^(„) - n)lz)j,_J - E [r({;^JlDr J E[r+] 

+ E [T{vr^){p,in) - n)lD^_J - E [T{vr,MD9,J E[r+] 
= E[T(i),J(p,(„)-n-E[r+])l,3^J. 
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As n — )• oo, this expression vanishes, since we can find an upper bound on i?[T({;r^) (/3j^(„) — n ■ 
E[r+])] in a similar way as before. We conclude that 



Cov(^r(z)p^(^j),Pj,(„)j = Cov(y+,r+) + o(l), asn^oo. 

The term Gov (T(?)p^j^j)-^/3j,(„), r(t;„+2J\f,i)-^('"p,(„))) is the only one left in the right-hand 
side of ()4.5p to take care of. An application of the first part of Wald's lemma, we get 

The sequence {ts^. — /U'S'fc}^l\ has until now been considered as a sequence started with at k = 1 
and stopped at k = v[n). But, we can as well see it as a sequence in the opposite direction. That 
is, as a sequence started at the first point of regeneration after level n + M, and that is stopped 
at the first point of regeneration after level />/. Let T* := T{vn+2M,i) — '^{'^p^in))- O'^ the event 
{v{n) > 1}, T* = T{vp^^^^_^,Vn+2M,i) - r(^p,(„)_i,^'p„(„)) and is independent of ts^ - fiSk for 
k < v{n). The event {v{n) > 1} is itself independent of {ts,. — fJ'Sk}k>i- This allows us to apply 
the third part of Wald's lemma to obtain 

+ E [{T{Vpo) - MPo)7'*l{,.{n)>i}] • 
Since E [{T{vp_^^^^^) - fip^(n))T*l{u(n)=o}] = E [(T(vpJ - ^f/9o)r*l|j,(„)=o}] , we obtain 

E[(r('0p^(„))-^/3i.(„))r*] = E[(r5^(„j -/iS^(„))r*l|^(„)>i}] + E[{T{vp^,)-fipo)T*], 
and, in particular. 



Gov {T{vp^^^^) - /ip^(„),r*) = E [{ts^^„^ - M'5^(„))rn|^(„)>i}] 

+ Gov (r({)pj - fipo,T*). 



(4.6) 



Let r_ := M + maxjnfc < : An^ occurs}, "K_ := T{vr_,Vr+) and Z^^i := T{vr_,Vk^i)- Observe 
that 

i'TS^^r.) - pS^(^ri))T*l{u{n)>l} = {y- - P{r+ - r-)) {Z2M,i - Y_)1h, 

where H = {^nt occurs for some p/ + A — n < n^ < 0}. To conclude that the former term in 
the right-hand side of ()4.6p converges as n — )• oo can now be done via the Monotone convergence 
theorem. That the limit is finite can be seen in a similar way as before, conditioning on A^ = 

{r+ — r_ = A;}. (Note that y„ = rg^, , and r^ — r^ = Sk-) For the latter term in the right-hand 
side of (j4.6p . let .^2Mi and Y^ be defined in the same way as Z2M,i and Y+ above, but now 
for a set of passage times {TgjeeE independent of {rgjeeE (that defines T{vpg) — ppo), but with 
the same A. By conditioning on the events {z^(n) > 1} (with respect to {rejeeE) and H (with 
respect to {Tg}eGE)i we see that as ?i — )■ oo 

{TiVn+2M,) - TiVp^^J) A {Z'^M, - Yi), 
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and 

Since {(r({)pj - ^fpo)^}„>-^ and {[T{vn+iM,i) - T{vp^^^^)) ]^^^ can be seen to be uniformly 
integrable, as above, {{T{vn+2M,i) - T{vp^f^^^)){T{vpJ - /upo)}„>i is also uniform integrable, 
and we have that 

Gov \T{vpo) - fJ'Po,T{vn+2M,i) - T{vp^^^^ ) j -^ Gov {T{vpa) - fipo,Y2M -Yi), as n ^ oo. 

That is, for some constant Cj, 

Cov{T{Vp^^^^)- l^ip^^ri),TiVn+2M,t)-T{Vp^^^^)) =Q + o{l), aS n ^ OO. 

This all together amount to that there exists a finite constant Cj such that 

Mar {T{vn+2M,i)) = a^n + Cj + o(l), as n -> oo, 
which proves the theorem. D 

5 Geodesies and time constants 

The path along which an infection travels from one vertex to another for first-passage percolation 
on essentially 1-dimensional periodic graphs is studied in this section. The existence of such 
minimising paths can be easily derived from Lemma 12.31 



Proposition 5.1. Let U and V be two finite sets of vertices of an essentially 1-dimensional 
periodic graph. There is an almost surely finite path 7 from U to V , such that 

Tij) = TiU,V). 

Moreover, if the passage-time distribution does not have any point masses, then 7 is almost 
surely unique. 

It follows directly from the statement that for any finite /, n and v, there are almost surely 
finite paths attaining the infima in T„, T{v) and max^gVg T{v). 

Proof. We may assume that U L)V CI IJ^q Vg^.. Assume further that t' , t" and M are chosen 
in accordance with Lemma 12.31 With probability one the event Am+n H A^2M~n will occur for 
infinitely many n > 0. Let / be the least such n. It follows from Lemma 12.31 that for any path F 
between u and v that reach beyond level m + l + 2M in the positive direction, or level —2M — I 
in the negative direction, there is another path T' that only visits vertices in IJfcL-2M-Z ^G*: ' 
and that satisfies T{T) > T{T'). Thus, since there are only finitely many edges between level 
— 2M — I and ?n, + / + 2M, it follows that T(U, V) is the minimum of the passage times over 
an almost surely finite number of paths. This proves the first statement. The second statement 
also follows from this, together with the fact that the probability of two paths having the same 
passage time is zero, when the passage-time distribution is free of point masses. D 
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As in the introduction, we will use the term geodesic to refer to a path attaining the min- 
imal passage time between two vertices, or two finite sets of vertices. Since geodesies are not 
necessarily unique, we assume a fixed deterministic rule to choose one when several are possible, 
e.g. the shortest (with some additional rule for breaking ties). Let ^{u,v) denote the geodesic 
between u and v. Several properties of geodesies can be investigated. We will in what comes 
mainly consider the length of geodesies. 

Let N{u,v) denote the length of j{u,v). The regenerative behaviour studied in Section [2] 
will again play an important role. It follows from Lemma [2.31 that any geodesic from u G Vg^ to 
V G Yg^ (where n < m) passes Vp^, for all n + M < pk < m — M. Moreover, {N {vp^_^, Vpi^)} k^z 
forms an i.i.d. sequence, which we may use to write 



Nivpn ) = Nivp, ) + Y^ Nivp,_, , vp, ] 



k=l 

It is now easy to see that {N{vn)}n>i is a regenerative sequence, with sequence of regenerative 
levels {pn}n>o- Since there are only finitely many vertices at each level, say K, it follows that 

for each k £ Z. In particular, N{vpi^_-^,Vpi^) has finite moments of all orders. Set 

E[N{vp^_^,Vp^)] 2 yar{N{vp^_^,VpJ-aSk) 

a := , and aj^ := . (5.1) 

fJ-s fJ-s 

Trivially, a > 1 for any essentially 1-dimensional periodic graph. 

Recall that we let {Nn}n>i denote either of the sequences {A''„}„>i, {maxt,gvg„ -^(^)}, >i 
and {N{vn)}n>i, where {vn}n>i is any sequence of vertices such that Vn is at level n. By 
mimicking the proofs of Theorem 11.31 11-41 11.51 11-61 11.71 and 13.61 one may prove the following two 
results. Note that no moment conditions are required, since N{vp^_^,Vp^,) has finite moments of 
all orders. The adaptions of the proofs are left to the reader. 

Theorem 5.2. Consider first-passage percolation on any essentially 1-dimensional periodic 
graph Q, with any passage-time distribution that do not concentrate all mass to a single point. 
Then, the statements of Theorem \1.3[ \1.4\ \l-5\ and \3.6\ holds (with constants a and afj) for the 
sequence {Nn}n>i- 

Theorem 11.81 is included in Theorem 15.21 

Theorem 5.3. Consider first-passage percolation on any essentially 1-dimensional periodic 
graph Q, with any passage-time distribution that do not concentrate all mass to a single point. 
Let Vn,i be a specific vertex at level n. Then, for some Ci,C[ ^M., as n —>■ oo, 

E[N{vn,i)] = an + C, + o(l), 
\aT{N{vn,i)) = oln + C[ + o{l). 
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Geodesies are, as seen via Lemma [2 .31 locally determined. Thus, it makes sense to talk about 
an infinite geodesic from — oo to oo. Let to this end 7* denote the unique (subject to the rule for 
breaking ties) path that between level pk-i and pk coincides with ^{vp^_^,Vp^), for each k £ Z. 
The resulting infinite path is indeed a geodesic, i.e., any finite portion 7* of 7* with endpoints u 
and V satisfies T{'y*) = T{u, v). It is possible to characterize time and length constants in terms 
of the infinite geodesic. 

Proposition 5.4. 

Proof. We will deduce the characterization of a in terms of vertices, and leave the remaining 
cases, which are deduced similarly, to the reader. Observe that 



N{u,w) = Y Y '^{veiiuM} ~ ^• 



a, as n — )■ 00. 



as n — )• 00, 



According to Theorem 1 5. 2 1 we have 

2n 
Define N* := TJl'^Z+^Y^veVg^ hv&r}- dearly 

so we are finished if we show that E [|A^('t)_„, Vn) — N*\\ /n — t- 0, as n — ?• 00. Let 

Dn := {Ak n A^k-2M occurs for some k £ [n — y/n, n — 2M]}, 

where A), and M are as defined in Section [2j Let k„ := minjA; > n : A), f] A_k_2M occurs}. 
Trivially, |A^(u„„,{)„) - A^*] < 4|VgJ(K„ + 2M). On the event L»„ we have 

N{v_n,Vn)-N* = Y Yi l{^e7K«;)} - 1 

k<—n+y/n 

< 2\Yg,\{Kn + 2M-n + ^). 

Since Kn — n can be dominated by a geometrically distributed random variable, similar to Sk in 
the proof of the first part of Proposition 12.71 we easily realise that 

E[\N{v_n,Vn)-N*\] = E[\N{v.n,Vn)-N*\{ln„ + lD^J] 

< 2|VgJ(E[K„ - n] + 2M + V^) + 4|VgJ(EM + 2M)P{D'^) 

< 4|VgJ(C + V^ + nP(I?^^)) = oin). 

As mentioned, the remaining characterizations are deduced similarly. D 
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Beniamini et alJ (|2003l ) posed the question whether for first-passage percolation on the Z 
lattice, P(0 G 7(— n, n)) — )• as n — )• oo (given existence of geodesies). One may pose a 
corresponding question for first-passage percolation on the {K, d)-tuhe. Let 7^ denote the 
infinite geodesic on the {K, d)-tuhe. How does P{v G 7^) behave as K ^ 00? In particular, 
does 

max P{v G 7^-) — )■ 0, as K ^ 00? 

If it does, at which rate? Let ax denote the constant a associated to the (K, d)-tube. By 
symmetry it is easily realised that for even K, 

max F{v G 7/^-) < 



We do not have enough symmetry to conclude a similar upper bound in K. We can increase 
the symmetry of the (-fC, 2)-tube by connecting the vertices (n, 0) and (n, X — 1), for each n, by 
an edge. On the resulting graph we have, for every vertex u, 

P(^G7*) = ;|. 
The same can be done for any (X, (i)-tube. Join, for each j = 2, 3, . . . , d, the vertices 

(mi, 7712, . . . , r77j_l, 0, TTlj + l, . . . , mK-\) 

and 

(7771, 777,2, • • • , rUj^i, K - 1, 777j + i, . . . , 777a'-i) 

by an edge, for all 777i G Z and 7712, . . . , ttik-i G {0, 1, . . . , i^ — 1}. Refer to the resulting graph 
as a {K,d)- cylinder. Let ax denote the constant a associated to the (i^, (i)-cylinder. We have 
for every vertex v of the {K, (i)-cylinder 

P\y G 7 J 



Thus, in view of Remark 15.51 below, there is a constant C = C{d) such that 

for every K > 1, and every vertex v of the {K, (i)-cylinder. 

Remark 5.5. Provided that E[Te] < 00 and that -Pt(O) is sufficiently small. iKestenI ( 19861 ) gives an 



argument that shows that on the Z*^ lat tice, there is a c onstant C = C{d) such that E \N{u, v)\ < 
Cdist(77, t;) for all vertices u and v (cf. iHowardI ( 20041 . page 146)). It is clear that the argument 



also applies to (K, (i)-tubes and (K, (i)-cylinders. That is, on either of these graphs, there exists 
aC = C{d) such that for all K > 1 

E[iV(7i,7;)] < Cd[st{u,v) 

for all vertices u and v. A direct consequence of this is that ax < C and ax ^ C, for some 
finite constant C, for all iT > 1. D 
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Remark 5.6. An object closely related to geodesies is the tree of infection *&. Let vq G Vg^ 
denote a vertex referred to as the origin. The tree of infection is then defined as the tree 
^ = Ui)ev7(^0)'y) spanning the underlying graph Q (see Figure [21 page [11] for a realisation on 
the (2,2)-tube). One may ask for the number of infinite self-avoiding paths in ^ started at the 
origin, denoted by k('I'). On any essentially 1-dimensional periodic graph k(^) = 2, almost 
surely. To see this, for any M > 1, let km denote the number of self-avoiding paths in ^ that 
reach level M. With probability one, for some n > M the event A„ will occur. It follows from 
Lemma 12.31 that the geodesic from u to v, for all u at level n and v at level n + 2M, have all 
to pass a certain vertex at level n -\- M. Thus, only one of the km self-avoiding paths in ^ 
will survive beyond level n + 2M. This implies that precisely one self-avoiding path will reach 
infinitely far in positive direction. The same applies in negative direction. From this we conclude 
that k($) = 2 almost surely. 

On the Z"^ lattice for d > 2, it is believed th at k (^) is in f inite. So far, it is only known 
that k(^) > 2d almost surely (see iHoffmanI ()2008l ) and iGourerg (J2007l )). It would be interesting 
to prove that k(^) is almost surely constant. That would follow from an higher dimensional 
version of the Proposition 11.101 It is not known whether such a coupling is possible. D 



5.1 Continuity of constants 

The following result is inspired by a similar result due to lCoxl (1980) and lCox and KestenI ( 198ll ). 



who in their case consider first-passage percolation on the Z lattice. The proof of the lattice 
case is rather lengthy. Due to the regenerative behaviour in the case of essentially 1-dimensional 
periodic graphs, and in particular the characterization of // and a given in ()2.7p . and of a and 
(Ttv given in (jS.ip . the proof of our result turns out to be much simpler. 



Proposition 5.7. Let Fm for m 

m — 7- oo. Then, as ?7t, — )• oo, 



1, 2, . . . , oo be distribution functions such that F^ — )• -Poo as 



a{Fm) -^ a{Foo) and cFN{Fm) -> cr7v(-Foo)- 

Assume further that there are p > 1 (edge) disjoint paths from vq to vi, and a distribution 
function V such that Fm > V for all m > 1. Let Yy denote the minimum of p independent 
random variables with distribution V. If, in addition, E[1V] < oo and E[ly] < oo, then as 
m -^ oo, respectively, 

KP-m) -^ /^(i^oo) and a{Fm) -^ o-(Foo). 

Remark 5.8. This result will be used in lAhlbergj ( 201ll ) in order to prove a dynamically stable 
version of Theorem 11.31 D 



In order to compare the different distributions, we will use a coupling of random variables 
via thei r inv e rse di strib ution functions F~-^(u) := inf{x € M : F{x) > u}. The same approach is 
used in ICoxl (1980) and ICox and KestenI ( 198ll ). Indeed, if U is uniformly distributed on [0, 1], 
then F~^{U) has distribution F, since 

P{F'^{U) <x) = P{U < F{x)) = F{x), for ah x£R. 

Thus, if we let F run over the class of distribution functions, then {F~^{U)}f generates a 
coupling of all differently distributed random variables. Note that F~^ is nondecreacing since 
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F is, and has at most countably many discontinuity points (since Q is countable, and for each 
discontinuity point u, [F~^{u—), F~^(u)] n Q 7^ 0). It is not hard to prove that (see e.g. 



(JThorissonl . l200d . Section 1.8.4)), as m — )• 00, F^ — )■ -Foo implies F^^{u) — )■ F^^{u) for all 



continuity points u G (0, 1). In particular, F^^{U) — )■ F^^{U) almost surely, as m — )• 00. 

Once we have the above coupling, the rest will follow fairly easily. For i.i.d. sequences, 

if Fm — )• Foo, Fm > V for all m, and V has finite mean, then F^^{U) < V~^{U) and 
E [F~-^(C/)] — )• E [i^j^^(L'^)] as TTi — )• 00, by the Dominated convergence theorem. For the proof 
of the proposition, the idea is similar. 



Proof of Proposition \5. 7\ Let {Ue}eef: be a collection of independent random variables uni- 



formly distributed on [0,1]. Thus, as F ranges over the class of passage-time distributions, 
then \^{F~^ {Ue)}eeE} p simultaneously couples i.i.d. sets of passage times of the graph. Choose 
a £ (0, 1/2) such that F^^(l — a) > F^^{a), and F^^ is continuous in both a and 1 — a. Take 
e > such that F^^{1 — a) — F^^{a) > 2e. Choose L < 00 such that 

\F-\a) - F~Ha)\ < e and \F;^\i - a) - F^^l - a)\ < e, 

for ah m > L. Recah the definition of An = An{M,t',t") in Section [2l Set t' = F^^{a) + e 
and t" = F^^{1 — a) — e, and let M be chosen in accordance with Lemma 12.31 (recall that M is 
chosen independently of the passage time distribution Fm)- For the same M (and with notation 
as in Section [2]) , define 

An = An{M) := |c/e < a, Ve G ^„} n |[/e > 1 - a, Ve E E„ \ 4.} • 

Since o > 0, we have P{An) > 0. For all m > L we have 

{F~ (u) < t' , for u < a, 
i^m^(n)>t", for n> 1-0. 

With a slight abuse of notation, we let An{F) denote the event An with respect to {F~^{Ue)}^^^- 
In particular, this implies that An C An{Fm) for all L < m > 00. Define a sequence {pk}k>o 
with respect to An analogously as in Section [2j Note that for m> L, the sequence {pk}k>o is a 
subsequence of {pk}k>o defined with respect to ^„(Fm). The advantage of this is that we get a 
regenerative sequence valid for all distributions F^ with L < m < 00. 

From here the result follows quickly. Let Tf{u,v) and Np{u,v) denote the passage time and 
length of geodesic, respectively, between u and v with respect to {F~^ (Ue)} ^^^- For m > L we 
have the characterization 

.p ._ E[iVF„.(^)po,^pJ] E[NJJv^„v^,)] 

a{^m) — ^^t:: — j , <^N{^m) 



E[pi - po] E[pi - po] 

E[Tp^{v^,,v^,)] E[r|jD^„, 

Pyi'm) = :^TZ — j , (y^fy — 



V-px, 



E[pi - Po] ' E[pi - Po] 

Thus, in order to prove that p,{Fn%) -^ P-iFoo) as m — )■ 00, it suffices to show that 

E [Tf^ {vpo , Vp^ )] ^ E [Tp^ (vpo ,Vpi)], as m ^ 00. (5.2) 
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But F^^{U) —7- F^^{U) almost surely, as ?7i — ?• co, and therefore also 

TPm (.Vpo > ^Pi ) ^ Tf^ {vpo , -Op J , almost surely. 

Since Ty {vp^ , Vp-^ ) has finite mean when Yy does (according to Proposition 12. 7p , and since 
^-Fm (^po ' ^pi ) < 2V (^)po , ■Upi ) , we conclude by the Dominated convergence theorem that (|5.2p 
holds when E[1V] < oo. To see that the domination is not necessary in order to prove con- 
vergence of a{Fm) to a{Fcx:,), it suffices to realize that for m > L and some C < oo, we have 
^Fmi^poi^pi) ^ C'(pi — pq). The remaining conclusions are drawn similarly. D 

Remark 5.9. The true condition for the convergence E [F~^(L'^)] — t- E [^^^^(C/)] is in fact uniform 
integrability of {-Fm}m.>i- In the same way it is possible to relax the moment condition on Yy 
to uniform integrability of {Yp | ^ (for r = 1 or 2), which grants uniform integrability of 
{Tp^{vpQ,Vp^)^ ^^y We leave it to the reader to go through the details. D 

5.2 Time constant and the {K, d)-t\ihe 

Let p,K denote the time constant associated with the {K, d)-tube. It is easy to realize that 
l^K+i < P-K- However, it is hard to prove that without a (trivial) coupling argument. In fact, 
strict inequality holds, for which we will need the same coupling in order to see. The coupling 
is as follows. Let {rejeeE ^ ^^ i-i-^- passage times associated to the Z"' lattice. The {K, d)-tubes 
are naturally seen as subgraphs of the Z lattice. Let Tk{u,v) denote the passage time with 
respect to {rejeeE ^, between u and v, when only paths in the Z x {0, . . . , K — 1}"^"^ nearest 
neighbour graph (the {K, d)-tuhe) are allowed. This produces a simultaneous coupling of the 
passage time on (iC, d)-tubes for all K > 1. Trivially, Tk+i{u,v) < Tk{u,v) for any vertices u 
andf inZx {0, . . . ,K - lY'^. 

Proposition 5.10. f^K+i < fJ'K, for all K > 1. 

Proof. Let A^ be the event defined in (|2.4p with respect to the {K, d)-tuhe, for 7„ chosen to be 
the straight line segment between the points {n,K,0, . . . ,0) and (n + 2M, K,0, . . . ,0). It follows 
from Lemma 12.31 that if A^~^^ occurs, then 



n 



6 := TK{nei, (n + 2Af)ei) - rft:+i(nei, (n + 2M)ei) > 0. 
Thus, if mfc = (2Af + l)k, then 



fc-i 



TK+i{Oei,mkei) + 6y^ l.K+i < TK{Oei,mkei) 
for all /c > 0. Dividing by tti^ and taking limits as k tends to infinity, gives 

In order to prove that the limit of the sequence {fiK}K>i is Ai(ei), i.e., equals the time 
constant for the Z lattice, we will use a coupling similar to the above one. For K = 0,1, . . . , oo, 
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let Tk{u,v) denote the passage time with respect to {rejesE a-, between u and v, when only 
paths in the Z x {—K, . . . , ET} nearest neighbour graph (the {2K + 1, (i)-tube) are allowed. 
This produces a simultaneous coupling of the passage time on {K, d)-tubes for odd K. The case 
K = oo corresponds to the Z lattice. 

Proposition 5.11. lim fix = /^(^i). 

Proof. Clearly TR-(Oei,nei) > TR-_|„i(Oei, nei). For all n we get 

Too(Oei, ?iei) = lim Tft-(Oei,nei) = inf Tft:(Oei,nei), almost surely. 

K^oo K>0 

An application of the Monotone convergence theorem 

E[roo(Oei,nei)] = lim E [TR-(Oei,nei)] = inf E [7X0ei,nei)] . 

Since Blim^^oo CLn/n = infn>i CLn/n, for any subadditive real-valued sequence {a„}„>i, we have 
for any < -fC < oo that 

, . E[fK (Oei , nei )] . E [fk (Oei , nei )] 
^J'2K+l = hm = mt . 

n— s>oo n n>l n 

Thus, since hk is non-increasing in K 

. ^ . E[2>(0ei,nei)] E [T^ (Oei, nei)] 

lim fj,2K+i = mr mt — = mr mi 



K^oo K>On>l n n>lK>0 U 

. ^ E [Too (Oei, nei)] , , 

= mt — = u(ei). D 

n>l n 

6 Exact coupling and a 0—1 law 

The aim for this section is to couple first-passage percolation infections with different initial 
configurations, i.e., different initially infected components, in such a way that the infections will 
eventually coincide. As an application of this, we shall prove a 0-1 law. The method of proof 
will once again make use of the regenerative behaviour explored in Section [21 

First we must state what we mean by a coupling. A coupling of two random variables X ~ P 
and y ~ P' on a measurable space {E,£), is a joint distribution P of (X,Y), i.e., a measure 
on {E'^,£'^), such that its marginal distributions coincide with P and P' , respectively. When we 
couple two time-dependent random elements {Xt}t>o and {Yt}t>o, we say that the coupling is 
exact if with probability one there exists a Tc < oo such that Xt = Yt, for all t > T^. 

We will present an exact coupling of the sets of infected vertices Bt and B[ of two first-passage 
percolation processes with different initial configurations. Recall that we let Pr{ ■ ) denote the 
distribution of Te, and let TZ+ denote the Borel cj-algebra on [0,oo). Then {rgjeeE and {TgjeeE 
are random elements on the product space ([0,00)^^,7^!^), each with distribution given by the 
product measure Pf. Let E„ denote the set of edges between level — n and n, but not including 
edges between two vertices at level — n and n. In the same manner E^ denotes the set of edges 
at and before level — n, as well as at level n and beyond. 

We shall prove the following result which is slightly stronger than Proposition II. lOl 
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Proposition 6.1 (Coupling, continuous times). Let I and I' be finite subsets of the set of 
vertices Y of an essentially 1-dimensional periodic graph Q. Assume that the passage time 
distribution P^ has an absolutely continuous component (with respect to Lebesgue measure). For 
any m > 0, there exists a coupling of {Te}e£E^ o,nd {rgjeeE^^^ such that i/{Te}eeE™ o-nd {TgjeeEm 
each have distribution Pf'^, then the marginal distributions o/{re}eeE CLnd {TgjeeE CLf^ given by 
the product measure Pf, and such that if first-passage percolation is performed with (/, {rejesE) 
and (/', {TgjeeE); respectively, then with probability one there exists an N^ < oo and aT^ < oo, 
such that 

T{vn)=T'{vn) and Bt = B[, (6.1) 

for all Vn G Vg,^ for n > N^, and for all t > Tc- 

When the passage time distribution P^ is discrete, i.e., Pt{^) = 1 for the set of point masses 

A:={tj e [0,oo) -.Pritj) > 0}, 

the statement of Proposition 16.11 is not true in general. More precisely, there are essentially 
1-dimensional periodic graphs on which no exact coupling is possible (cf. Remark 16. 6p . In the 
discrete case, we will therefore restrict our attention to the case of {K, d)-tubes. 

Proposition 6.2 (Coupling, discrete times). Let I and I' be finite subsets of the set of vertices 
V of the (K,d)-tube, for K,d > 2. Assume that the passage time distribution P^ is such that 
Pt-(A) = 1 for the set of point masses A and that either of the following hold: 

a) there are tj € A and integers Uj for j in some finite set of indices J* , such that 

y Uj is odd, and > Ujtj = 0. 
j&J* j&J* 

b) dist(x, y) is even, for all x & I, y & I' . 

For any m > 0, there exists a coupling of {Te}eeE<= o,nd {Tg}eeE<^ such that if {TejeeEm <ind 
{TgleeEm GO'Ch have distribution Pf"', then the marginal distributions of {rgjggE and {TgjggE 
are given by the product measure Pf , and such that if first-passage percolation is performed with 
(/, {rgjegE) and (/', {TgjggE); respectively, then with probability one there exists an Nc < oo and 
a Tc < oo, such that 

T{vn)=T'{vn) and Bt = B^, (6.2) 

for all Vn G Vg^ for n > Nc, and for all t > Tc- 

Before we construct the couplings, we focus on the promised 0-1 law that follows from 
Proposition 16.11 and 16.21 For this we will use Levy's 0-1 law. It states that for u-algebras 
{-^i}t>o such that Ft t -^oo as t — )■ oo, if ^ G Foo, the n P(A\Ft ) — )• 1 /^, as n — )• oo, almost 
surely. A proof for the discrete case can be found in e.g. iDurrettI ( 20051 . Theorem 4.5.8). The 



continuous case follows via the Martingale convergence theorem. 

Recall that we defined the a-algebra Tt = (T({i?s}s>t)) and define Ft := a(^{Bs}o<s<t), where 
as before Bs is the set of infected vertices at time s. We may think of % as the a-algebra of 
events A G (^{[Jt>oJ^t) that do not depend on the times at which vertices were infected before 
time t. The 0-1 law we shall prove deals with the tail a-algebra T = nt>o ^■ 
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Theorem 6.3 (0-1 law). Consider first-passage percolation performed under the assumptions 
of either Proposition \6.1\ or \6.'A Then P{A) G {0, 1}, for any event A G T. 

Note that Theorem 11.91 is a special case of Theorem 16. 3i 

Proof of Theorem \6.3\ from Propositions \6.1\ and \6.SX Consider two infections with the respec- 
tive sets of passage times {rejegE and {rgjegE- For t > 0, let Ft and F[ be a-algebras generated 
by their respective realisations up to time t. Let 

ut = max {n > : {Bt U B[) n (Vg„ U Vg_ J / 0} 

denote the furthest level (in positive or negative direction) infected at time t. Since, almost 
surely, pk < oo and T{vp^)/k — ;• /x,- > as /c — ;• oo, then there is a A; = k{t) < oo such that 
T{v) > t for all v G Un>p ^6n- Thus f^ < oo, almost surely, for any t < oo. 

For any fixed t > 0, by Propositions 16.11 and 16.21 there is a coupling of {Te}e£Ei , ^ and 
{rg}eeE'= ) such that there exists an almost surely finite time Tc, such that Bg = B'^ for all 
s > Tc- Since A G Ttci the outcome of A only depends on Bs for s > Tc- In particular it has to 
hold that 

P{A\F) = P{A\Fl). 

Thus, P(A\F't) is nonrandom and equals P{A), for all t > 0. But, according to Levy's 0-1 law, 
P{A\Tt) — )• lyi as t — )• oo, almost surely. Hence, P{A) = 1a almost surely, and therefore P{A) 
equals either or 1. D 



It remains only to prove Propositions 16.11 and 16.21 

6.1 Exact coupling of time-delayed infections on Z 

Before proving Proposition 16.11 and 16.21 we shall first prove a lemma where we consider two 
infections on Z. This lemma will figure as a key step in the proof of Proposition 16.11 and 16.21 
For first-passage percolation on Z, Tn simply takes the form T„ = X^J!^^ ''"fe- ^^ ^® ^^^ ^^e latter 
infection be delayed for some time Tdeiay, i-e., started at time Tjeiay instead of time zero, then 
T^ = Tdeiay + Ylk=i '^'k- ^^ ^^^ construct a coupling of the passage times such that r„ = T^ for 
large n. The precise statement is as follows. 

Lemma 6.4. Let Tdeiay be any non-negative constant, and assume that either of the following 
hold: 

a) Pr has an absolutely continuous component (with respect to Lebesgue measure). 

b) Pr is such that for some finite index set J , there are non-negative integers Uj and n'-, such 
that "^j^jUj = ^^j^jn'-, and for atoms tj £ A of P^ 

XI '^J'^J " X] ^'j^^ + '^delay (6.3) 
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Then, there exists a coupling of {Tk}k>i o-nd {T^}fc>i such that their marginal distributions are 
that of i.i.d. random variables with distribution Pr, and such that 



y^ Tk = Tdelay + X] ^fc' ^'^"^ ^"^"^^^ "" 



(6.4) 



fc=l 



fc=l 



The key to prove this lemma is to (in each case separately) identify a suitable random walk. 
The iden t ificat ion of the random walk in case a) heavily exploits ideas similar to those found in 
Lindvalll (J2002l . Chapter III. 5). In case 6j, a multi dimensional random walk will be based on 
condit ion (|6.3p . This walk is then easily coupled with known techniques found e.g. in iLindvall 
(120021 . Chapter 11.12-17). 



Proof of case\W^. Let [a, h] be an interval on which Pr has density > c, for some c > 0. Define 



max { d> ^ : d < , d 



f delay 

m 



for some m, € N 



Couple {rfc}fc>i and {T^}fc>i in the following way. With probability l — c26 we choose Tk = r'^, 
drawn from the distribution 



Pr{ ■ ) ■■= (Pri 



-A( ■n[a,a + 26]))/{l-c25), 



where A denotes Lebesgue measure. With the remaining probability c26, draw r^ uniformly on 
the interval [a, a + 26], and choose r^ as 



Tk 



Tk + 5, if Tk < a + 6 
Tk- S, if Tk > a + 6 



That T^ also is uniformly distributed on [a, a + 25] is immediate. Thus, it is easy to see that the 
marginal distribution of both Tk and r^ is Pr, and this is indeed a coupling of the two infections. 
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Figure 5: The dots represent the times at which the respective infection spreads. In 
this realisation ti = t[ — 5, T2 = Tg and T3 = Tg + 6. The coupling is constructed such 
that after some time Tc, both infections reach some level Nc simultaneously. 

The coupling is such that each time r^ and t(. are chosen differently, the difference {Dn}n>i, 
where -D„ := Tdeiay + X]fc=i('^fc ~ '^k) will jump ±6. Since Tjeiay = it^^, for some integer m, Dn 
constitutes a simple random walk on dZ. Let N^ denote the first n for which Dn hits zero. From 
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this moment on, r^ and r^ are chosen identically, and ()6.4p holds for n> Nc- That the coupling 
is successful is easily seen, since 

P{N, < oo) = P(3n : Z5„ = 0) > P{3n : D„ = 0|Tfc / r^ i.o.)P(rfc / rj^ i.o.) = 1, 

where 'i.o.' abbreviates 'infinitely often'. The last equality follows from the recurrence of a 1- 
dimensional simple random walk, and Borel-Cantelli's second lemma. 

Proof of case [6p. By assumption, for some set {tj}jgj C A of atoms for the distribution P,-, 
there are non-negative integers Uj and n'- such that "^j^jnj = J2jej''^'j ^^^ (|6.3p holds. 

It is easily seen that we may assume that J, rij and ra'- are chosen such that for each j G J, 
exactly one of the integers rij and n'- is positive. We introduce integer valued random variables 

X^ = i^{k<n:Tk = tj}-nj, 

Define Z^ = X^ - Y^. It is clear that we from ([O]) can conclude that dElD holds, if Z"^ = 
for all j & J and r^ = r^ for sdl k < n such that r^ {tj}j^j or r^ {tjjjgj. 

Let J„ = {j G J : Z" 7^ 0}, let pj = Pr{tj), and Qn = J2j&j„Pj- ^^ particular, Jq = J. 
Couple {Tk}k>i and {T^}fc>i by choosing r^ and r^ identically from the distribution 

with probability 1 — qk-i- With remaining probability qk-i we choose r^ and rj. independently 
with distribution P{t = tj) = -^^, for j G Jfc-i. The marginal distribution of r^ and r^ is seen 
to be Pr, whence this is a coupling of {Tk}k>i and {T^}fc>i- 

Note that r^ = t(, for all k such that r^ {tj}j^j and r^, {tjjjgj. For each fixed j G J, 
{Z^}„>0 will, as n increases, jump ±1 with equal probability. Hence, for fixed j, {Z^}n>o 
constitutes a simple random walk on Z. Note that if n* denotes the first n such that Z^ = 0, 
then, by definition, j G Jn for n < n*, but j ^ J^ for n'> n*. 

By assumption we have that 

Moreover, the sum of Z^ is constant for all n, i.e., 

E^" = E^° = 0- 

It follows that it is not possible for |J„| = 1 for some n. There will therefore always be a 
positive probability to choose t„+i / Tn+i as long as Z^ for some j. From this observation, 
Borel-Cantelli's second lemma and the recurrence of 1-dimensional simple random walks, we 
may further conclude that P(3n : Z^ = O) = 1 for each j G J. Let Nc = min{n > : J^ = 0}. 
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For n > Nc we have Z" = for all j £ J, and ()6.4p holds for every such n. The coupling is 
successful since 

P{N^ < do) = P I Pi {3n : Z; = 0} I = 1. D 

6.2 Exact coupling of two infections 

In order to prove Proposition 16.11 and 16.21 we will arrange matters so that Lemma 16.41 can be 
applied. First, we need some notation. Recall from Section 12.21 that En denotes the set of 
edges between level n and n + 2M, including edges at level n and level n + 2M. In (j2.2p we 
defined En = 7nUEg„ UEg^^jA/i where 7„ is a path of shortest length between Vg„ and ^g„^2M- 
Introduce the notation e^+M for the edge in 7„ with endpoints Vn+M and u, where Vn+M is the 
vertex in Vg^_^j,^ first reached by 7„, and u the vertex first reached after Vn+M by 7n. Define the 
event 

A*n ■■= {re < t', Ve G En \ {en+Ai}} n {re > t", Ve G S„ \ En] . 

Note that An = A^n {n^^^ < t'} for An as defined in (IZil) . 

We will next prove Proposition 16.11 which is a slightly stronger version of Proposition 11.101 
We first outline the general idea. It follows from the regenerative behaviour that if Te = t^ for 
all e G E, then there is a real number T^ such that 

Btn[jYg„ = i?I+T,nUVg„ (6.5) 

n>0 n>0 

for t large enough. The idea for the coupling is to assign identical passage times for both 
infections, that is Tg = Tg, except for certain edges which we make sure both infections have to 
pass. More precisely, for some sequence {lk}k>0: for ^ such that A"^ occurs, choose either the 
passage times for h^+M independently at most t\ or equal. This generates a sequence of edges 
for which we invoke Lemma |6.4[ That is, we make sure that {T{vp^) — T'{vp^)}n>i performs a 
random walk which eventually hits zero. This implies that (|6.5|) holds, with T^ = 0, for t large 
enough. This will complete the coupling of the infections in the direction of increasing levels. 
The opposite direction is treated in the same way. 

Proof of Proposition [g!71 By assumption, P-^ has an absolutely continuous component, so sup- 
pose that [a, b] is an interval on which Pr has density > c > 0. Let a < t' < t" < b and choose M 
in accordance with Lemma 12.31 We may further assume that / U /' contains no vertex beyond 
level m. Let Ik := m + A;(2M + l) for integers A; > 0. Couple {rejeeE^ and {rgjeeE^j^ by choosing 
Te = r'e with distribution Pr, independently for all e at level m or beyond such that e / hk+M 
for some A; > 0. Independently for /c > 0, let 

, { {Ok, O'k), with probability P,([0, t']) 

\ {rik^Tlk), with probability 1 - Pr([0,t']), 

where Ok and 9'^ are to be coupled below, so that they both have marginal distribution -Pr( • |r < 
t'), and rjk has distribution P^( • \t > t'). For the set of edges {eij,+M; for k > 0}, we choose 
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the pair 




if At, occurs 



\+M^ &i,+Mj I ^_ ^.^ Otherwise, 



where r^ is distributed according to Pr, independently for all k. One realises from the coupling 
that the marginal distributions of both Te and Tg is Pr, for every edge e. 

Note that the only edges for which Te and t^ may differ, are the edges h^+M for fc > such 
that Ai^ occurs. Let Kj denote the index k for which Ai^ occurs for the jth time. That 

^e^.+M '<,+.,) ={Qk,0'k) (6.6) 



is equivalent to that Ai^, occurs. Since P{Ai^) > 0, we will have an infinite sequence {kj}j>i 
such that ()6.6p holds. We now claim that the proposition will follow if we apply Lemma 16.41 to 
the sequences {0kj}j>i and {6'^,}j>i, with distribution Pri ■ \t < t'), and 



-^ delay 



Tivi^^+M)-T'{vi^^+M) 



To see this, we use Lemma [2. 31 Given Ai^, the path along which any vertex at level l^ + 2M 
or beyond is infected has to pass the edge ei^+M- By the coupling Tg = r'^ for all e at level 
/kj or beyond such that e ^ hi^.+M for j > 1. Moreover, Te = 9 < t' and t^ = 9' < t' for 
e E {e/^,_|_M5 for i ^ l}- It follows that each vertex at level l^i + 2M + 1 and beyond, will be 
reached in the same order. Since Pr is absolutely continuous on [a,b] and t' > a, Pr{ ■ \t < t') 
is absolutely continuous on [a, t']. Condition [aj) of Lemma 16.41 is therefore fulfilled. Coupling 
{9kj]j>i and {9'^}j>i according to the lemma we will have with probability one that, from some 
level on, both infections will reach each vertex at the same time, i.e., 

T{Vn) = T'{Vn) (6.7) 

for any Vn G Vg,^, for n sufficiently large. 

The infections may in the same manner be coupled along the negative coordinate axis. Doing 
this, then there is A'^c E N such that (j6.7p holds for \n\ > Nc- In almost surely finite time, each 
vertex at level n, for \n\ < Nc, will be infected. Hence, we conclude that for some almost surely 
finite time Tc, 

Bt = B[, for each t>Tc. U 

In preparation for the proof of Proposition [^21 we restrict our attention to {K, (i)-tubes. Let 
Fn denote the set of edges between level n and n + 2Af + 4/3, for integers 

,^ {d-l){K-l)t' ^ ^ t' 

M > -^ ^ — - — '— and /3 > 



t" - 1' ' t" - 1' 

Let ei = (1,0, .. . ,0). Denote by eu,n the edge between (n+M+/3)ei and (n+M+/3, 1,0, .. . ,0), 
and by e^^^ the edge between {n + M + 3/3)ei and {n + M + 3/3, 1, 0, . . . , 0). Let 7* denote the 
path of shortest length from n = nei to (n + 2M + 4/3)ei. Let 7** denote the path of shortest 
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length from n to (n + 2M + 4/3)ei that visits the four endpoints of e^^n and ed^n- Let F^ and 
Hn be defined as (see Figure [6|) 

For constants t' and t" such that m,- <t'< t" < M,-, define the events 

Cn := {re<t',VeGF„}n{re>t",VeGF„\F„}, 
£>„ := {re<t',VeGi7„}n{Te>t",VeGF„\F„}. 

Trivially P{Cn) = P{Dn) > 0, since F„ and Hn contain equally many edges. 



^^^•^^•^^•^^•^^•^^•^^1^^^^ 1) II II ^^m^m^^m^^^i^^m^^m^^m^^^i^^^m 



level 71 



t 71 + M 



\n + M + 2l3 1 77 + iU + 4/3 



77 + 2M + 4/3T 



Figure 6: The (3, 2)-tube between level n and n + 2M + 4/?. If Dn occurs, the infection 
will advance along the thick edges. 

Recall that pi = max{n G Z : Vg„ n / 7^ 0}. The following lemma says that given that the 
event C„ (or Dn) occurs, the infection will in order to reach level n + 2M + 4/3 from level n do 
so via 7* (or 7**). 

Lemma 6.5. Let t' and t" be constants such that rrij- < t' < t" < Mr, and assume that n > pj. 
Given Cn (respectively Dn), then 

T{v) = T(n) + T (F) + T{{n + 2M + 4/3)ei , v) , 

for each v at level n + 2M + 4/3 or beyond, where F = 7* (respectively F = ^n* )■ 

It is easy to see that the infection, from level n to level n + 2M + 4/3, inevitably has to follow 
the paths 7* and 7**, in their respective cases, reasoning in a similar way as in the proof of 
Lemma 12.31 We leave the details to the reader. 

The coupling of Proposition 16.21 will be constructed in two steps. The second part is similar 
to the coupling in the proof of Proposition 16.11 The first part is needed to make sure that 
condition [b]) of Lemma 16.41 will be satisfied. Before we give the somewhat technical proof, we 
present the idea behind the first step. 

The events Cn and Dn were defined with respect to passage times from the sequence {rejesE- 
Let Cn and D'n denote the analogous events with respect to the sequence {TgjeeE- Assign 
identical passage times for both infections, except for some edges in Fi^, for some sequence 
{^•}a;>o- The remaining edges we couple in order to make the event Q^. occur simultaneously 
as D'l , and Di^ occur simultaneously as C'^ . When they happen, the difference in length of the 
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minimising paths in T„+2Af+4/3 and T^j^2m+4S ^^^^ either increase or decrease by 2. Thus, the 
difference in length constitutes a random walk. End the first step when it hits either or the 
odd number w = J2jej* "-ji ^^ {''^j}j<^J* ^^ ^^ assumption [aj) of Proposition 16.21 We will see 
that condition |b]) of Lemma 16.41 is then satisfied for Tdoiay = l^'(^) ~ ^(^)|) for some vertex v. 

Proof of Proposition [KM We may assume that I U I' contains no vertex beyond level m. Set 
l^--m + k{2M + 4/3 + 1) for A; > 0. For j = 1, 2, . . . , 2/3, let fkj (and hkj) denote the edge in 
Fi^ (and Hi^) between level /fc + M + ^ + j — 1 and /^ + M + /3 + j (respectively). 

Couple {TejesE^ and {Tg}e6E=„ in the following way. For one k at the time, choose Tg = t^ 
with distribution Pr, independently for every edge e between level Ik and Ik+i, not at level Ik+i 
nor among {fkj, h^j : j = 1,2,..., 2/3}. For j = 1,2,..., 2/3, choose r/^, ^, and t^^,. independently 
with distribution Pr, and set 

^fk,j ' ^/^..,, ) I (^^^ ^ ^ ^^^ ^ ^ ^ otherwise. 

Trivially Tg has distribution P,-, and it is easy to see that the marginal distribution of Tg for 
each e also is Pr. Note that the coupling is such that C^' occurs if and only if Di^ occurs. In 
addition, D'l occurs if and only if C/^. does. 

Let Zk, for A: > 1, denote the length of the path of shortest passage time from / to level 
Ik + 2M + 4/3, with respect to {rgjegE- When several paths are possible, choose one. Similarly, 
let z'f^ denote the length of the path of shortest passage time from /' to level Ik + 2M + 4/3, with 
respect to {TgjggE. When several paths are possible, choose one that minimises \zk — z'i^\. Set 
Cfc := Zk - 4- 

With help from Lemma 16. 5|, we draw the following conclusions. For each k such that Q^. 
(and therefore also D'^ ) occurs, Ck — Cfc-i = —2. When Di^ (and therefore also C[ ) occurs, 
Cfe ~ Cfc-i = 2. Otherwise Cfe = Cfc-i- Thus, {Cfc}fc>i constitutes a simple random walk on either 
2Z or 2Z + 1, depending on the value of Ci- Such walk is recurrent and will with probability 
one, reach either zero or the odd number uj := Yljej* ^j; respectively. Let k denote the first k 
for which this happens. Couple the infections along the negative coordinate axis in the same way. 

The first part of the coupling is done, and before we continue with the second part, we 
shall verify that assumption |b]) of Lemma 16.41 is satisfied. We may assume that 7]^_|_2a/+4/3 < 

^«^+2Af+4/3- Set 

Tdelay = ^/„+2M+4/3 ~ ^/„+2M+4/3- 

Given {{Te,T'^)}^ ^ , we may represent the passage time for each infection as 

7]„+2Af+4/3 = ^'mjtj and r/^+2Af+4/3 = Yl K'^i' 
j&J jeJ' 

for index sets J and J' , tj £ A, and positive integers rrij and m'- that indicate the number of 
edges e in the minimising path to level l^ + 2M + 4/3 such that Tg = tj and Tg = tj , respectively. 
If Ck = 0, then '^jizjfnj = Sjej' "^ii and assumption |b]) of Lemma [U?^ is directly satisfied, 
since 

^delay + 21„+2Af+4/3 = ^/„+2A^+4/3- 
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Note that this will be the case if dist(x, y) is even, for all x € /, y G /', since then (^k S 2Z. If 
rather ^^ = w is odd, we need the additional assumption that J2jej* ^j^j — *-* fo^ some index set 
J*, point masses tj, and integers rij such that X^jgj. nj = oj. Then, assumption |b]) of Lemma 
16.41 is again satisfied, since 

We will now go on with the second part of the coupling. Let 

f := maxjtj E A : j e J U J' U J*}. 

It may be the case that t* = M^ as defined in ()2.3p . This makes it necessary to introduce some 
extra notation. Write E'^ for the set of edges between level n and n + 2M + 1, and let 7^ denote 
the path of shortest length from n to (n + 2M + l)ei. Let 



i; = 7;uEg„uEg„, 



2i\/+l' 



Denote by e^ the edge between n and (n + l)ei. Let X„ denote the set of edges connecting a 
vertex at level n with one at level n + 1, excluding the edge e^. Define the event 

^r = {re < t', Ve G E'^ \ {e„+A/}} n {xe > i*, Ve G X„+m} 
n{re>t",VeGK\(s;uX„)}. 

Let Afc := /k+i + k{2M + 2) for /c > 0. Continue the coupling of {rgjeeE^ and {TgleeE^ by 
choosing Te = r^ with distribution P,-, independently for all e at level Aq or beyond such that 
e / eAj.+A/ for some A; > 0. Independently for A; > 0, let 

, ,. ^ f {Ok, e'k), with probability P,([0, t*]) 

\{'nk,Vk), with probability 1 -Pr([0,t*]), 

where 9^ and 0^ have marginal distribution Pt-( • \t < t*), and r]k has distribution P,-( • |t > t*) 
(?7fc is not needed when t* = Mr). For the set of edges {ex^^M, for k > 0} we couple their 
passage times as 

, \ _ I iCk,S.k), if ^aI occurs 
''"'^'"^'"'^"^~\iTk,r,), otherwise, 



where t^ is distributed according to Pr, independently for all k. One realises from the coupling 
that the marginal distributions of both Tg and r^ is Pr- 

Note that the only edges for which Tg and Tg may differ, are the edges eAj.+M for A; > such 
that A*^ n {rg^ ^^j- < t*} occurs. Let Kj denote the index k for which A*^ n {t^^ ^j^, < t*} 
occurs for the jth time. That 
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)=(^fc,efc) (6.8) 



is equivalent to that A\* D {ri^ _^j^j < t*} occurs. Since P[Al* D {ri^ ^^ < t*]) > 0, we will 
have an infinite sequence {kj}j>i such that (|6.8|) holds. We now claim that the proposition 
will follow if we apply Lemma 16.41 to the sequences {^k }j>i and {0'^.}j>i, with distribution 
Pt{ ■ \t < t*) and T^ciay as defined above. 

To see this, argue as in the proof of Lemma [231 Given A" n {rg^ ^^^ < i*}, the path along 
which any vertex at level X^ + 2M + 1 or beyond is infected inevitably has to pass the edge 
CAfc+A/- By the coupling, t^ = t^ for all e at level A^i or beyond such that e ^ ca^.+m for some 
j > 1. Moreover, t^ = 6 < t' and t^ = 0' < t' for e G |e;^ -(_a/ for j > l}. Therefore, each 
vertex at level A^^ + 2M + 1 and beyond, will be reached in the same order for both infections. 
Coupling {9kj}j>i and {0'^ }j>i according to Lemma [6^ we will have with probability one that, 
from some level on, both infections will reach each vertex at the same time, i.e., 

T{Vn) = T'{Vn) (6.9) 

for any u„ G Vg^ for n sufficiently large. Since we chosen t* as large as we did, we made sure 
that Pt{ ■ \t < t*) meets assumption [bj) of Lemma WM 

The infections may in the same manner be coupled along the negative coordinate axis. Doing 
this, then there is A^c G N such that ()6.7p holds for \n\ > N^- In almost surely finite time, each 
vertex at level n, for \n\ < N^-, will be infected. Hence, we conclude that for some almost surely 
finite time Tc^ 

Bt = B^, for each t > T^- D 



Remark 6.6. There exists in general no exact coupling of two infections with discrete passage 
time distribution on arbitrary 1-dimensional periodic graphs. Consider the distribution Pt{^) = 
Pr(l + 3/5) = 1/2. Pr satisfies the assumption of Proposition [621 whence there is an exact 
coupling of two infections on the (K, d)-tube, for K,d >2. 

Consider instead the graph with set of vertices Z x {0, 1} and where two vertices are con- 
nected by an edge if their Euclidean distance is < -v/2. Note that with the above passage time 
distribution, in order to reach any vertex at level n, an infection will always pass exactly n 
edges. This is easily seen by realising that no vertical edge will ever be used in order to reach 
an uninfected vertex. Thus, for two infections started with / = {(0,0)} and /' = {(r7T.,0)}, we 
will have 



|r(n) -r'(n)| > inf 

a+b=n 
a'+b'=n—m 



a-a' + {b-b'){l + ^ 



inf 

b~b'& 



3(6 - b') 
m 



1 
^5- 



for any m that is not a multiple of 3. As we can see, an exact coupling is not possible. D 

Remark 6.7. Condition [aj) of Proposition 16.21 is due to the fact that the {K,d)-tx\be is bipartite, 
i.e., that every circuit has even length. As seen in Remark 16. 6[ not every non-bipartite graph 
has an exact coupling without condition [aj) . But, condition [aj) and|b]) of Proposition 16.21 could 
be dropped for e.g. the class of triangular graphs with vertex set Z x {0, 1, . . . , J^ — 1} and where 
two vertices at Euclidean distance is 1 and every two vertices (n, m) and (n + 1, TTi + 1) for any 
n G Z and tti = 0, 1, . . . , iC — 2, are connected by an edge. The necessary modifications of the 
first part of the proof, and of the event Dn in particular, are easily made. D 
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Remark 6.8. If dist(x,y) is odd, for all x G /, y G /', then condition [aj) of Proposition 16.21 is 
necessary. To see this, assume that an exact coupling is possible. In particular, T{v) = T'{v) 
for some vertex v. But, if one infection has an even number of edges to pass in order to reach 
V, the other has an odd number of edges to pass. Thus, 

= T{v)-T'{v) = ^V,-j;n;.t,-, 

for integers rij and n'- such that J2jej{''^j ~ ''^'j) i^ odd. Hence, condition [aj) holds. D 

Remark 6.9. Condition [aj) of Lemma [6.4l can be weakened to distributions Pr whose convolution 
with itself has an absolutely continuous component. In fact, it is sufficient if Pr convoluted with 
itself n times, for some n > 0, has an absolutely continuous component. Since the distribution of 
a sum of independent random variables is the convolution of the individual distributions, we may 
instead of specifying how to choose iTj,Tj) for j > 1, choose ( I]fcl(j-i)n+i '^k, Y^ilg-i^n+i '^'k) 
according to the same specification. Consequently, the assumption on P^- of Proposition 16.11 can 
be weakened to involve distributions whose convolution with itself n times has an absolutely 
continuous component. The modifications are left to the reader. 

An example of a distribution that does not have an absolutely continuous component, 
but whose convolution does, is given by the following. Let ^Q-,ii,--- be i.i.d. Bernoulli(l/2)- 
distributed random variables. Define r to have binary expansion 

__ (0,6,0,^3,0,...), with probability - 

(Co,0,6,0,C4,---), otherwise. 

Let Ti and T2 be two independent random variables distributed as r, and let A denote the event 
that one of ri and T2 has all even coordinates equal to zero and the other has all odd coordinates 
equal to zero. Neither ri nor T2 is absolutely continuous, but the conditional distribution of 
Ti + T2 given A is uniformly distributed on [0,1]. Hence the distribution of ri + T2 has an 
absolutely continuous component. D 

6.3 No exact coupling possible on trees 

We have seen that there is an exact coupling of two first-passage percolation infections on any 
essentially 1-dimensional periodic graph when the passage time distribution has an absolutely 
continuous component. We also saw how this sort of coupling gave rise to a 0-1 law. One may 
ask whether a continuous component is sufficient for an analogous coupling, and corresponding 
0-1 law, on any graph? We will answer this question no, by showing that the binary tree T^ 
constitutes a counterexample. T^ is the infinite graph that does not contain any circuit, and 
where each vertex has three neighbours. The graph is completely homogeneous and one vertex, 
called the root, is chosen for reference. Let {rejeeE be a set of independent and exponentially 
distributed passage times associated with the edge set E of T^, and analogous to before, let 

Bt = [v G V:r(root,u) <t]. 
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The following argument is based on the theory of continuous branching processes. Define 
the front line of the infection at time t as 

Ft := #{f ^ Bf : V shares an edge with some u G Bt}. 

Note that Fq = 3 and that Ft increases by one, when Bt does. Hence, Ft can be seen as a 
continuous time branching process with Ft individuals at time t. Each individual gives with 
probability one birth to two children (and dies) after an exponent i ally d istributed time, inde- 
pendent of one another. It is well-known (see e.g. lAthreva and NevI (1973, Theorems III. 7. 1-2)) 
that, for some Malthusian parameter A > 0, 



3W := lim Fte~^\ almost surely, (6.10) 



i">oo 



and that E[W] = 3. Let Te^, Tej and Tgg denote the passage time of the edges connected to 
the root, and let Ft denote Ft conditioned on {t^-^ , Te2 , t^^ > !}• Then, by the lack-of-memory 
property of the exponential distribution, we have that -Ft+i = -^t for any t > 0. Thus, by ()6.10p 
we have almost surely 

lim Fte"^* = e"^ lim Fte"^* = e'^W, 

t—>-co t—^co 

and we conclude that W is almost surely non-constant. Note that the event 

{W = lim Fje~ < a;| G T, for every x. 

Then, a 0-1 law analogous to Theorem 16.31 cannot hold for first-passage percolation on T^, since 
this would imply that P{W < x) £ {0, 1}, i.e., that W is almost surely constant. 
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